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CHAPTER 1
TIoRNTA Y (REK)

1. 7aoby4 7

70 & AT (super TERWN—=T 3 V) IZDWTIE BARTIZE W72
JREBRTDHFK
http://www.math.kochi-u.ac.jp/docky/TALK/kaehler3/kaehler3.pdf
22RO L,

ultra filter DIH, (form DIRD 2R <) EFRDI I DWW TIEH L
37BN, 7272 U Auslander regular & Z A LFIZEEZEORMA D 5,

degree = p DILT EHINDER A D proj NHE,

£H A A, Mumford D GIT WRFZZ TN TE D70, £
ABRIFIZRZ L% LTI T MUV, “AR7 D note on proj % M
N2 &,

1.1. 0, 0P %, OW) % Proj(Z) Dl DEKR®D structure sheaf T
HY. Opn & Opn 1& VT NE normal ordering DE L 1Z A D subsheaf
CEZDIENTES, A DBNTD Opn & Op DAHABEFRITE K
DHIZREDTIERY, ThE « EITIE,

A - O]PWL * O]fl)n
‘(“%éo
A & O D linear BFEGEIXFI U THENH,

ME Z D, (tensor FHIX base ring THD & ZAD k;.

2. A DERTEBRRICOVT

A OEBTTIF BRI RIZ DN D28, BIRAIZED & 5 I2RkdNIE
EWDEA DM,

£ WC() IZPWTHER &S, EI& normal ordering & 2 H#EH R
DOHDOBFREZ ZNIX X\,

Weyl ER, Clifford fA%I% normal ordering 28 A4 25 Z &N T
5, TNHDERDMAEZEDIL% normal ordering ETHR>TLK BT D
BRAZF->T<NIX BROBBRAE UTHELZRELDOPFEOLND DT
Thd, KR, 2FD 2 200RDEF % ANG 2 5 & SITMHE

5



6 1. 7Y NSV (R5ER)

U2 0DfR, X normal ordering (ZFi> THF<IZIZH>TIWVDE X
XFTWVERTH D05, normal ordering & ZRHABALR & 1T R,
(WC) 0y DERIGCIF

ThHIEALN, W DRMBEREZ RS S /2DIZIE, Weyl B2 T
SRS

X5 X — CopXy(= Xi X X5X7)

PR BEC (1) L0 BERIZELTHITHIUZE, Weyl-
Clifford BITIE X,; DIENT =5, By PR BDT, WAEMEZ #EF LT
EHOR MR EE S EITDDIXKREZN, ZXHIEALTHDS,

AP F WC o) 12 BRI iy = 0 2R 27213 725 5 A kot
CEBERIIZ L0, AR Allm=1Y EBE 20 MAZED%
APk TEANEEVDI TH B, m ABERZ LIZTITDMS
U. AP[1/k] @ subalgebra & UTH X THITIE k-torsion RN DE
LRTH D,

m & E 7=5bOBBRAEZ TRTEAKMIZEE BT 2 OEmE 727,
INZTOPRS>TONERNAUTE 7255,

3. A&EQ
3.1. Z. Z IZHUTIEAXZZRDOZ &,
3.2. relative Frobenius ICDWT,. B8 p DIR k LDOLIEALR

k[X] IZDWT, X — X? TE £ 5 relative frobenius map % Z & 5
k[X] —— Kk[X]
Frob

T T

k —— k
& Frob(k[X]) 2 EOMAD k[X] LR—HT D&,
k[X?] —— Kk[X]
k k
B5MA%ESD, Spec 28D &
Spec(k[X?]) «—— Spec(k[X])

l l

Spec(k) Spec(k).



3.ALQ 7

TOFIHTE ZIX. Spec(k[XP]) % Spec(k[X])P) LFENTWVDZ
YIZi %, (llusie DFE) EOMRIEFOO L DHORRDA LS &
HUEHEDTHD,

LD paper “reflexive” & V) 5[ H:

3.3. A note on a Frobenius map. Before explaining further,
we give some note on a Frobenius map and fix some notations. Let
Y = Spec(k) be a base scheme, X = Spec(R) = Spec(k[y],...,75.])
be an affine space over it. In a paper of Illusie [?], there is given a
definition of relative Frobenius map (in a more general setting—we make
use of a very special case of his). The definition may be summarized
in the following diagram.

Fx/v

X +— XP=FX ¢+~ X

l l l

Yy Y - Y
Since we have assumed k to be a perfect field, the Frobenius map

Fy Y — Y is invertible. So we may pull back the right square of the
diagram above by Fy.' and obtain the following commutative diagram.

/v (Fyh) X = Xa/p)

X +———
Y —— Y
where FX/Y = (Fy 1Y) (Fx/v). On the other hand, Fyx/y gives rise to a

bijection between the base spaces X and X®. Thus we see that F X/Y
gives rise to a bijection

|Fxpy| | XY — |X|

between the base spaces. We will therefore identify these two spaces
and regard quasi coherent sheaves on X and X(/?) as sheaves on the
same base space | X|. The structure sheaf of X */?) will then be denoted
as O/P) The structure sheaf © on X may be identified with a subsheaf
of O0/P) via the pullback homomorphism Fy Iy

(1/p) %2 MR T Z2MHESROVIZ, A D subalgebra Z %,

Z=Kk[X8, . .. XE X}, ... XP]
THEHEL. TO (1/p) ®e S B/ ILIITE, 0D, S
S — 7



8 1. 7Y NSV (R5ER)

%79 & 54 algebra TH D, Proj(S) & Proj(Z) ILFIHTD S5
b, TIE->T20%F L. S & Z 2ZDLED sheaf & UTHE
#£95, SOZL% O LEE Z0OZr%E OP LEFIERVESLS,

4. O E QR A DBPBEERDZENTED

A (IEREIZIE, sheaf A) DHIZ Q° % Q® RXAD Z LIZDNT,
je{0,1,2,....n} 2EET S, {X; #0} EBNT. RO A
D section L EZ N5,

IX;1Xy) = X;10X; — X2 X;0X;

{Xj_lXi,a(Xj_lXi);i =0,1,2,...,n,1 # j} CTHEEIND algebra
X Q° T, ZOHY EDOEEBEEILL QO THD, Q° LFK

72U, MAZEOVORAUIZEZZQ RO & A LiE RBERNR
3% D TIHERMNBE,

1 -
[X), fl = =705, f]
1 1
= 0l Ej, f1 - [ E;. 9f]
ad(7 E;) 13 Q°-Q° LD operator & UT well defined. (m (ZfEH X
o LIEANT, )
< FRRIZ, UY IZ8\WT,
_1 1 _
[ij7f] = _a[Eeﬁf] - [Eeﬁaf]
ad(%e]—) Ik Q- Q* ED operator & U T well defined. (m IZ/EFXH
5 LIxAHT, )

[0z, (x;)pfléx;]
=0x;, (:c;-)p’lém}] — [, 8((%’-)“5@"})]

J

—0(D-exacts) — 2, (a1~ 05)]

J

= — [x;,0((«})P~'0x)] (mod J-exacts)

J

1- - p_ZL‘/»
_ [xi,a];a«xj) ox’;)]

51 i p*x/'
:[ﬂfi>?]—93((xj) ox)]

=[x, 0((x)"" " 0]

J

Mg £97{0x;, (x;-)p_léx; _, I&super commutative mod D-exacts.



6. AV O 9

x; 2R TE ok. bar DIFUZIE Lie i & UTHEHT D L,
T 72l Oy, bR EE EAHENSZNU & DS,

BRIZ, PLTHOIT (o)) ZHITMATELNL & D5,

i A OFTQ-Q I3 super AHTIFARN (EZ AR DOWTH
URW) Y, A L EREMERDEH S ERE AT, A D cup FEF->
TLAUFFEIZDWTEH U TWT, super A,

5. JC b;
U ={X; #0} TD A(1,1) D section b; &
bi=e— X'EC
fﬁ%?éo i{ 66:\ sheaf 800 % Uz kT
Soo = Ob; + Q- C
TRE#T D,
bi — bj = (X;lde — X;ldXz)C = —<I;1dl’@])c

(2 € X, X;1) THEDD, Sy IEMY H>T P" x P* LD sheaf

(A(1,1) @D subsheaf) ZE#T 2,
0> C—=80—0—0
i exact TH>T., TOILKRIZHIGT D cocyle 1
‘t“%éc}
K 7R sheaf 1

(1) 8¢ = 8o ® O(1,1)

(2) § = Q- 8y + O

3) §-Q° )

(4) -Asparse =3- Q;parse
Thd,

6. AV DEIE
AY = B[m] + B[m|é + eoB[m] + eqB[m]e
cocycle DRIRDFLIR:
{%5(601’); ze€A” 0r=0 (mod k:)}

BHMS — 2 € Bm] £LT&W,
v =Y fonl) ERBT B, SOLSREBON, m TS
degree t DE/IMIR D KD ITHLD,



10 1. 7O RIA Y (REK)
— t=0. D&Y, ze€ B &L T&W,
7. fEE
(1) 2 2DaEEH
(A,0) D (8®8,0) D (8 @ Separse, 0)

& & 12 quasi isomorphism Tdh D,
(2) 0 I& E®D quasi isomorphism % f£2 & 572 TNENDERD

endomorphism %= 5.2 %,

((.A, 5)) a) D) ((Ssparse X Ssparsea O))
I 0, d)-cohomology @ isomorphism % 52 %,



CHAPTER 2
PO TR SR WER,

1. proj ICDWT

A" AML/G,, x G, & Git ICE>THIRTE 5, DY, Git
DF/ A DN, HETHD, AT x A" /(c,cliceG,,) L ETH-
THhH, I6IT G, THNIEE D, IZUHDREE closed action Tl
R\NDT, geometric quotient TIXZAVY, A, KFHZER/IE geometric
quotient (272> TCTWd, (Mumford GIT @ p. 30 (Chapter 1, §.2), p.
36 (Chapter 1,§.4) d72H) 2SO &, )

2. torsion ICDWTEZ THI-

local (Z k-torsion TH| S D & G FEEEREER T k-torsion T4 % DIL[H]
UThd,

TDZ L% HAD7ZHIZ, homogenous 2 module M (X} U T, local
BREZIATOMY L2HELUTAHALD,

M DIt my &

my = X, ""m  (3m € M (homogeneous))

EEITDH, WE, RIZmy D k-torsion & § B L,

kmy =0 in M°.
ONRY IR

3N, such that X?"km =0 in M
2%, XPVMun ld M O k-torsion TH 5,
my = Xo—p(Nﬁ-No)(Xé)Nlm)

RDT, my lE M @ k-torsion % X} OFETH>72E£DTH5, £>TC.

(R M)T = (M7).

X T, graded module {2, £ IZ associate § % sheaf ZXf I D
$thts M+ M 1% exact TH D, (Hartshorn ENIZEHD, ) 5. H
SHIZHR AR 22 EDF R T2,

(AP)® = (WCo) /(ur))” DERICE relation 23R 2D DIEH L
W, EOEEIZE Y. FOD k-torsion ZY]oE DD AY TH D,

11



12 2. RO R TIFRLRNEL,
Cliffy“* @ WChC & 2, Ul L A 7ZBOHRT, Clff]“F @ WCEC

Ym=3,_pee, LTERINDEEEZD, ZOBIE L 2MA

TZERDIZINTHEZ T WD 05 244K torsion #8272 DIZE>TWT,

H It & relation B —HT B, Lo T,
AY = Cliffp “F @ WChe

Eo MM ED &, z, 2 e, ¢, m P Cliff, ® WC,, DEEfRA%Z TN

T 72§ DIFEZGITHOND,
z,xY, e, e, m M Cliff ® WC,, DEARRNZ TR THi/zd & X,

SEL:\
lej = IZ‘J];7 XlFJ = xie;, Ezyj == eix;-, EZFJ = 62‘6;, Ci WC(O) @Bg

R % XT3,
Weyl-Clifford fREXD k ED basis:
Wk X X7EREFC?
module & UTI&, WC IFZIHAER kh, k,C] L
{X'X'EXE";1,J e N""' K, L e NJ™'}

% free basis & U7z free module TH 5,
WCo) DHERITIE

X5 =X.X;, Z5=XEj,
IO BERIE gl BRI Y Pliicker BRI TH S, B

PEHHL LS, 205 OBRRZ T8 % 71
e,

E = XjEi, Eﬁ = EZE]

i

EH <,
WC(((I))) — WC(O)
I& well-defined 7% surjection T ¥, WC(% D basis DEIFE £ < & &

WCo DEDERUABULPEN, TDI LMD,
W) = W,

EWVWODITTHD,
3. Qgparse €tC ITDWVT

Qsparse 0)%%%0
A, Qpparse FBEEAZETIER, DEY, FBEEDO &Y HIKFT

%, IEREICIE, BEEDOE D [DS 5, Witt B (mod p?) ~ND lift D &
DHIHEAFT B, PP IZE DA A Witt BBETHD ED2 25, Qparee
XD FKEHEIND, fdg IZDOWT, f,g D Witt BBAD lift fi, 1 %

) %fl(p)dgip) mod p & ZHUT L\, (27U £ 1F relative 12 p



4. A° OHEEIZOWTEZTHE 13

FIDHILEIT, DFEY, ()P 2FAT. RO 7ZIIBIERT
ZeziET, )

4. A° OEEICODWTEZ TH]E

WC, WCg), AP, AY DA & BIRRDRD T,

WC = Weyl® Clif £ <EHS5NTWT, MEIXARHN»A S, normal
ordering 2MH 2 % Z L IZIFIER,

WC(gy DAERTTG (" Fex DERIE) IZHEBHK T <HO21 D, X = XX
etc ThH D,

TS ITHNDHND relation

MHdZLFT<hnd, HiZ, TNOERHIUIEED WC ) DItld

normal ordering (ZAiNFZ 5N, TDIZ ENnH (Fex DA T) /(Fix D

BfREN) DIRTTAIT TIZ WCo) DIRTLEFE LW EDDND, D FE Y,
(T~ DAERT)/ (Fex DBEFRA) — WC)

FEFHIUT, ROtOBRICE Y, FAf, koT, (FxDBEKN) &
+aThd,
AP FAERGTIXFE U T, BERNIEGEZ5NTHEDTH LW,
local coordinate Z {5721 D BONY RTWVES D, X;; Lo/
HOR PR TR T NS DR A R @b DR 2 A< 2L TES,
U T coordinate system TiiZ D, WCE%) DEN SIS
x,7 e, €
THd, ZN5IE Weyl B & Clifford {RIKD T >V VRO 4 it &

UCBRAZmizd, z) ZIFIFRAIT, ZNid sdegy = (z,e DE) —
(2, ¢ DE) 23T, £V IEMEIZIE,

(20, f] = — sdego (f)RC'f
Thd, EHNIZED &
[2g, ;] = =hCxj, [x4,e;] = —hCej, [xg, 2] = hCal,  [xg, €] = hCe).

WC algebras ORH#EERE . EDEIfRAY S normal ordering (ZHF-> T
W ZEMNTED,
(APe)Y ANOBATIF EEF U T, BRAPOEOWA LT BDT
ff#., k-torsion |& sheaf theory THMIELT X3, local 125 2 TKLK,
(a2 D Z &: Z[k] LD flatness & Z ETKIKIZF530E LAV,
TNTE Z[k| EF AL DI BETFHMIZEL D freeness DRI
72, ))

PROPOSITION 4.1. A is equal to a subalgebra of ki [k, %, {mj, 2%, €5, €5} (=
WCmmH(lk[%]) generated by WC,, 11 and m =) e;e} .



14 2. LB TIEBLRNVEL,

A® =k, C,m , €0, €0, Tj, T, €5, €5]
T.
E=¢y+ ije;
j
THENH,
AY = B[m] + egB[m] + B[m| + eqB[m]z
Thd,
IDEAS /kaehler/lemma.tex (ZH D Z N5,

mlnt3l =

BONnd, (DFEYD, BED IZHND DRHIFRY DS DT, EEH p
TEp>>nBHHEITTED, )
iy Vil NESUN
AY = B[m] + ¢B[m] (mod 9A")
O-cocycle % L0(eof) (Of =0 (mod k)) DIETH Y,

k
(X' X)) = ej — zjeq

-

AN
€0B = eo(QQ)
TEHEMNH,

4.1. The element m. Let us put m = C — Y X;X;. It plays an
important role in our calculation.

4.2. mll, the falling factorial power of m. For any non-negative
integer [, we denote by m!! the following “generalized factorial power
of m”:

m = m(m — Ch)(m —2Ch) ... (m — (I — 1)Ch).

4.3. formula of m. In this section, we do some calculations on
m needed for our later use. The result is summarized in the following
lemma.

LEMMA 4.2. We have:

(1) om = —

(2) [m,e] = —C’hs

(3) mé =&(m — Ch).

(4) O(m)y = —iml-Ys (1=0,1,2,3,...).



5.b; LWHILE J# S ITDWTERTAL 15

Proof. (1) Knowing that m = 1 >° E;E], we have
_ 1 )
anr:EE;Q—h&ED

=Y XE]

=—Z.
U
(2):
.2 = (3 B
=2 IB. 4B,

=—Che

(3) is a trivial consequence of (2).
(4): Induction in I. The case | = 0 is trivial. The case [ =1 is treated
in (1).

Oml =0(m!= (m — (1 — 1)Ch))

= ( =1 (m — (1 = 1)Ch) + m!=Yom (Leibniz rule)
— (- )m[ g-(m—(1—-1)Ch) —m!= &  (nduction hypothesis).
— (1= 1)ml- ( a—momp-ﬂﬂg(mmwm&@y
— (I —1)ml- ml-1z (by definition of m!®)
—Imlle

5. b; EWITTE B S ICDWTEATHE
by etc DX XA,
bo = — X, ' EoC
£ oL —iz
bi=c— X 'EC
FHEZD, THIE A D local section TIEALVY, (homogeneous TlE7ZAR

Wb, ) UL, O(1,1) & tensor LT, C Z2Hi37ZED, £EAN
FEEHATED, £298I2. U ED Agparse(1,1) D section TH B,



16 2. LR TR LRNELE,

b= by = (X)X, = XTHX)C =~ day)C

J

IAB () LSV avELICHIST R IV A 2L TH B,

b} =0
UEDZEMNSE, Agpase 1 FEATD & S % extension sequence %
D
0 — (Q. X 1)(17 1) — Asparse(L 1) — 1K Q;parse — 0

The sheaf S.
(ZOFIZIX, sheaf Bz IAHTEIT, TNERVIZKHATHD, %

HZWbHWHEEZ Z0IBELIZTEIEIZLT, EVHZRT S, S,, ...
CHBEUEBSTHERZI LIZTD, £/, ZORTIX O(1) etc 1X non-
commutative R TNZIHT I LIZT D, )

P" x P* O subsheaf §g &= IRD L DIZEHZEL L5,

U={X; #0} EOA®O(1,1) D section & LT,

b, = e—Xi_lEZC
BEZ. TSR DRI/ sheaf §y 2 E R D, DF V. U; LD sheaf
Ob; + Q!
0— QY1,1) =8 — O =0
C7l Z22RIZHENI S Z &1L, IRD & DA extension %135,
0— Q' = 8(—1,—1) = O(—1,-1) = 0

So(=1,—1) I A D subsheaf THENH, TNEWDTS, £EIZ L

295 L,
0-Q' =58, =-0Ct =0

ITC, C7; 25D/ I,

X7'E - X;'Ey = (X;/X,)0(X,/X;)

ThHh->T, ZHE FH LD {X;} DARIUKIFZTZDT,
J& 8 X P LDBHDE 8y % —EBANDH R

m o PP x P — P
WEoTHETRULAZEDLREBITH 5

*
81 = 7T182



6. FLHTAHALD 17

6. FEHTHELD

coordinate L A£G E THALIHEL TRHA L TAHAL D,
A D, Uz ={X; #0and X; # 0} TDsection & U T,
bzﬁ = (XZX])_IbZ

## A%, TUT, Uj LD sheaf
2EZD, OlFEoboEKg? LDHZT. transition function level T
EZBBOMERIMNA D, BTEELR, WEIZQ-Q° 2flinzne
AHBDT, O LGENTOERDIE Opn X Opn LIETERNEZS S,

O(1,1) % tensor 9%, §A4DL, b; 1T (X;X;)C™! 28T 5,

(XlX])C_lsz — C_lbz' - C_le - X;1E1

25, U HFE sheaf 12 O-C~1 DO 12L& D extension T,
extension class (FFATRD (X,;/X;)0(X;/X;) THEALND,

I X TEE 5 line bundle D (X;/X;)0(X;/X;) THEALN
% Q' 12 & B extension E[EBLZA D M,

ARl % local 1Z1%

Ik[!l?o, e ,.len,al‘o, R ,ﬁxn] . ]k[.’fo, R ,fn,éfo, e ,8in]

TEHL LD,

Ujr. TO section bz %
bir = (e — X;'E;C)

J
TE#HEL T,

81 = A% + A*°
TREDD,






CHAPTER 3
AV IZBFB 0 a1 oL

R 122 £ DT, AY D d-cocycle 1
1.
E@(eob)
eob: cocycle in AY /kAY. DIETH B,
B =Xk[h,k,C {x;, v}, ej,¢;}] = WC, IZx LT,
AY = egBlm] + egB[m]& + B[m] + B[m]é
eoAY = e B[m] + egB[m)é
HaBmICE), 3 VA2

1
(eof); f € Blm)

DIIZEE S, m DR ER/NMNIEAS &5, m IZBAL THREIR
DFEBERDZLIZEY,

Leof); feB

DEDEDIZR-> TRV Z LB DN5,
XoX1 #0 THERATAD L,

be AY

sparse

DIGEDATE,

EOB = eoR
R IFIED2FED S TIEARL, de, 02’ TEBRIND, WHIZEH
® form DZEH],
DeRham, Dolbeault cohomology DBIMRIZKIHIAD D, 72720, 3 eiel =
km O TTND,

Zeie; =0 (mod k)

T, Y e} 13 0e BDT, 10(ege) WTTLK B, A cocycles. V =
P D& X, re Ry IZWLT,

Jd(egr) =0 (in A% /kAY)
19



20 3. AV IZBIFB d a1 N

R D,

WC, Ca=kB 2%X5%, 7272L. a,p & AY DFLT, normal
order TEMNT WD LT D, ZZTD normal ordering (X v > e >
m>e >z’ DIETIDDNE»"A D,

EIZDWTD degree % A2 & 5, normal ordering % {2 X, com-
mutation relation %529 D BHENZRLARY, k2B S degree NE
kZ2FDOLDIHRD, TOITDHE, BRI, S IE m IZDNTIE—IK
URTHBZ RO,

o = k’(ﬁl + mﬁ2> (61, 62 € Chﬁl ®ch)

ZDOZeM6, k=08BEXV Y, el =0 Mrelation DETTHD I &
BOnd, >ee, =01 1ift $HiFe BT D, F&d
cocyle 1&

1
E{eob}

& up to coboundary T LY,

7272L O(egh) =0 mod kAY TH 2,

HE b 2D B ZDH0IE 0b=0 THDH, up to coboundary T
WO BZLBIZZoMEIREDND,

b X HITRET D720, {2] # 0} IZX SITHIBRY 2 MED
Hhd, TITlEeZblace, 9205

n
~ / .
€= T;€;
Jj=1

TbxEld, e WMHETED N, AKRIZ 2] =1 L UTHEHFRILLT
W iz,

b:b0+b1€

AOD = AV[(XEXD)]

fnAOD 2 9(f) =0 %2 L7z F B, (cocycle.) ZDEE, f DK
BRI 720, fIT XPXY 272K SAMITB I 8I&), fe AV
LTHRThd,

Of =0e A0V
— Jf=0€ AY

= f~ %3(€of1) (3f1 € B such that egd(egf1) =0 (mod kAQQ))
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1. flatness ([CDWT

AY BB SICIE, ZORIZ L 2MTINAZ AY[3] R5HEED D
WEWV, AV X AYL OFABRTH > T, ERooH

AY = ky [C’ k, {xjv :E; ?:17 {ei7 62}?:07 m]
DEIIZHEZLNZEDTHD, A I,

1
AOE = Ikl[ov k, {xj7 I; ?:17 {eia 62}?:0]

EEPNDM, TDERITTDD B, z, 2" OBERAD n 2D Weyl B
DEABRA L —H U, e, ODFHIE n+1 2D Clifford RED KA L
—B, z,2 & LIZTHBDT, KiF AY[5] 13 Weyl Bt & Clifford
REDT VIV IVEEFARTH D, & <IZ, normal ordering 23 G %I fH
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