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Abstract

Let (X, L) be a polarized manifold of dimension n > 3. In this paper, we give a classification
of (X,L) with n = 3 and h°(Kx + 2L) = 2. In order to classify these (X, L), we study a
classification of (X, L) which satisfies h’(Kx + (n — 1)L) = 2 and x(Kx + (n — 2)L) = —oo.

1 Introduction

Let (X, L) be a polarized manifold of dimension n. Recently the dimension of global sections
of adjoint bundles of (X, L) has been studied actively by several authors (for example [14], [15],
[16], [3], [4], [17], [19] and so on). In particular the author has proved the following conjecture for
the case of dim X = 3, which was proposed by Beltrametti and Sommese.

Conjecture 1.1 (Beltrametti-Sommese) Let (X, L) be a polarized manifold of dimension n >
2. Assume that Kx + (n — 1)L is nef. Then h°(Kx + (n —1)L) > 0.

Here we note that if Kx 4+ (n — 1)L is not nef and n > 2, then (X, L) is one of the following
types.

o (P, Opn(1)).

. (Q",0p:(1)).

e A scroll over a smooth curve.
. (P%,05(2)).

In these cases we see that h%(Kx + (n — 1)L) = 0. Hence this conjecture says that h®(Kx +
(n—1)L) =0 if and only if (X, L) is one of the above types. In particular, we get a classification
of polarized 3-folds (X, L) with h°(Kx + 2L) = 0. Moreover the author gave a classification of
polarized 3-folds (X, L) with h®(Kx + 2L) =1 (see [14, Theorem 2.4]).

In this paper, as the next step, we are going to study polarized 3-folds (X, L) with h®(Kx +
2L) = 2. In this case, we see from [14, Theorem 2.3] that (X, L) satisfies k(Kx + L) = —oco. So
in this paper, we will treat more general case, that is, we consider a classification of (X, L) with
dimX =n >3, h%Kx + (n—1)L) =2 and k(Kx + (n — 2)L) = —co. As a result, we can get a
classification of polarized 3-folds (X, L) with h°(Kx +2L) = 2. Finally, we are going to give some
remarks about a classification of (X, L) with dim X =n >4 and h°(Kx + (n — 1)L) = 2.

In this paper, we use customary notation in algebraic geometry.

*Key words and phrases. Polarized manifold, adjunction theory, adjoint bundles, sectional genus, sectional
geometric genus.
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2 Preliminaries

Definition 2.1 Let (X, L) be a polarized manifold of dimension n. We say that (X, L) is a scroll
(resp. quadric fibration) over a normal projective variety Y of dimension m with 1 < m < n if there
exists a surjective morphism with connected fibers f : X — Y such that Kx +(n—m+1)L = f*A
(resp. Kx + (n—m)L = f*A) for some ample line bundle A on Y.

Definition 2.2 (1) A polarized manifold is called a classical scroll over a normal variety Y if
there exists a vector bundle £ on Y such that X 2 Py () and L = H(E), where H(E) is the
tautological line bundle.

(2) We say that a polarized manifold (X, L) is a hyperquadric fibration over a smooth projective
curve C'if (X, L) is a quadric fibration over C and the morphism f : X — C'is the contraction
morphism of an extremal ray. In this case, (F, Lp) = (Q" "1, Ogn-1(1)) for any general fiber
F of f and every fiber of f is irreducible and reduced (see [20] or [6, Claim (3.1)]).

Remark 2.1 (1) If (X, L) is a scroll over a normal projective surface S, then S is smooth and
(X, L) is also a classical scroll over S (see [2, (3.2.1) Theorem| and [8, Chapter II, (11.8.6)]).

(2) Assume that (X, L) is a quadric fibration over a smooth projective curve C' with dim X =
n > 3. Let f: X — C be its morphism. By [2, (3.2.6) Theorem] and the proof of [20, Lemma
(c) in Section 1], we see that (X, L) is one of the following:
(a) A hyperquadric fibration over a smooth projective curve.

(b) A classical scroll over a smooth projective surface with dim X = 3.

Theorem 2.1 Let (X, L) be a polarized manifold of dimension n > 3. Then (X, L) is one of the
following types.

(1) (P, Opn(1)).
2) (Q",0gn(1)).

3) A scroll over a smooth projective curve.

5) A hyperquadric fibration over a smooth projective curve.

6

)
(2)
(3)
(4) Kx ~ —(n—1)L, that is, (X, L) is a Del Pezzo manifold.
(5)
(6) A classical scroll over a smooth projective surface S.

(7)

7) Let (X', L") be a reduction of (X, L).

n=4, (X' L') = (P* Ops(2)).

n=3, (X, L') = (Q3 0p:(2)).

n=3, (X' L') = (P? Ops(3)).

n ~

= 3, X' is a P%-bundle over a smooth projective curve C such that (F',L'|p) =
(P2, Op2(2)) for any fiber F' of it.

(7.5) Kx/ + (n—2)L is nef.

Proof. See [1, Proposition 7.2.2, Theorems 7.2.4, 7.3.2 and 7.3.4] and [8, Chapter II, (11.2),
(11.7), and (11.8)], or [20, Section 1, Theorem]. O

Remark 2.2 Let (X, L) be a polarized manifold of dimension n > 3. If (X, L) is one of the types
from (1) to (6) in Theorem 2.1, then (X, L) is a reduction of itself.



Remark 2.3 Let (X, L) be a polarized manifold of dimension n > 3. Then k(K x+(n—2)L) = —oc0
if and only if (X, L) is one of the types from (1) to (7.4) in Theorem 2.1.

Notation 2.1 (See [6, §3].) Let (X, L) be a polarized manifold of dimension n > 3. Assume
that (X, L) is a hyperquadric fibration over a smooth projective curve C. Let f : X — C be its
morphism. We put € := f.(L). Then &€ is a locally free sheaf of rank n+1 on C. Let 7 : Po(€) — C
be the projective bundle. Then X € |2H(E)+n*(B)| for some B € Pic(C) and L = H(E)|x, where
H(&) is the tautological line bundle of Po(€). We put d := L™, e := deg & and b := deg B.

Remark 2.4 Let (X, L) be a hyperquadric fibration over a smooth projective curve C' and we use
the notation in Notation 2.1. Then the following hold (see the proof of [14, Theorem 2.2]).

Kx = (—n+1)H(E)+n"(Kc+det(€)+ B))|x
= (—n+ 1)L+ f*(Kc +det(€) + B),
g(X,L) = 29(C)—1+e+b,
R(Kx 4+ (n—1)L) = g(X,L)—h'(Ox)=g(C)—1+e+b.

Proposition 2.1 ([24, Theorem 1.3]) Let X be a smooth projective surface and let f : X — C
be an elliptic fibration such that q(X) = g(C) + 1. Then there exist a smooth projective curve B
of genus > 2, a smooth projective curve E of genus 1 and a finite Abelian group G = Zp, X Z,
acting faithfully on B and E and by translations on E such that X = (B x E)/G, where G acts
diagonally on the product, and C = B/G. Moreover f is the natural map (B x E)/G — B/G. Let
F be a general fiber of f and let D be a general fiber of (Bx E)/G — E/G. Then F =2 E, D~ B
and DF = §G = mn.

Moreover assume that g(C) = 0. Let p := lem{m;} be the least common multiple of the
multiplicities of the fibers. Then the group of divisors on X modulo numerical equivalence Num(X)
is generated by (1/u)F and (u/v)D + (§/2p)F, where v = 4G and

5= {0, if (29(B) —2)p/7 is even
1, if (29(B) — 2)u/7 is odd.

Let a,b € Z and we set Ny = (1/p)F and Ny = (u/v)D + (6/2p)F. Then a line bundle on X
whose numerical type is alN1 + bNs is ample if and only if 2a + §b > 0 and b > 0.

3 Main Results

In this section, we are going to study polarized 3-folds (X, L) with h®(Kx + 2L) = 2. As we said
in the Introduction, by [14, Theorem 2.3], we see that k(Kx + L) = —oco. So, in order to get a
classification of polarized 3-fold (X, L) with h(Kx + 2L) = 2, we need to study the case where
k(Kx + L) = —oo and h°(Kx + 2L) = 2. Here we consider more general case. Namely we study
polarized manifolds (X, L) with dim X =n > 3, k(Kx+(n—2)L) = —oo and h®(K x+(n—1)L) = 2.

Theorem 3.1 Let (X, L) be a polarized manifold of dimension n > 3. Assume that k(Kx + (n —
2)L) = —oo0. If \O(Kx + (n—1)L) =2, then (X, L) is one of the following.

(A) (X, L) is a hyperquadric fibration over a smooth projective curve C and one of the following
holds. (Here we use Notation 2.1.)

(A1) g(C)=2 and d, e, b and n are one of the following types.

dle b n
312 -1 3
2111 0 | >3
1710 1 | >3




(A.2) g(C)=1 and d, e and b are one of the following types.

d| e b
6| 4 | =2
51 3 | —1
41 2 0
3| 1 1
21 0 2
11-1| 3

(A.3) g(C) =0 and (X, L) is one of the types in [6, (3.30) Theorem].

(B) (X, L) is a classical scroll over a smooth projective surface S. Then there exists an ample

vector bundle € on S such that X =Pg(€) and L = H(E), and (S, E) is one of the following.

(B.1) S is the Jacobian variety of a smooth projective curve C' of genus two and € =2 £,.(C,0)®
N for some numerically trivial line bundle N on S, where E.(C, 0) is the Jacobian bundle
of rank n — 1 for some point o on C'.

(B.2) S is an abelian surface and (det(£))? = 4.

(B.3) S is a bielliptic surface and (det(€))? = 4.

(B.4) n =3, is a one point blowing up of T and & is an indecomposable ample vector bundle
of rank two on S with det(£) = n*(H) — 2E, where T is either an abelian surface or a

bielliptic surface, m: S — T is the birational morphism, E is the exceptional curve and
H is an ample line bundle on T with H?> = 6.

(B.5) S is a minimal surface with k(S) =1 and x(Og) = 0. Then X has an elliptic fibration
f 8 — C over a smooth projective curve C. Let m;F; (resp. F) be a multiple fiber
(resp. a general fiber) of f and let t be the number of multiple fibers. Then q(S), g(C),
t, (my,...,my), (det(€))F and Kg(det(E)) are one of the types in the Table 1 below.

(B.6) There ezist a smooth projective curve C with g(C) = 2 and vector bundles F and G of
rank two on C such that F is normalized, S = Pc(F) and € =2 h*(G) ® H(F), where
h:S — C is the projection. Then det& = 2Cy + (1 — deg F)F and (deg F,degG) =
(0,1),(1,0), (2, —1), where Cy is the minimal section of Pc(F) — C. In particular the
rank of £ is two and n = 3. Moreover if deg F > 1, then F and G are semistable.
(B.7) (S,E) is one of the types in [21, (2.3) Theorem (V)].
(B.8) (S,&) is either 4), 5)g or 5)1 in [7, (2.25) Theorem].
(C) Let (M,A) be a reduction of (X,L). Then (M,A) is a P>-bundle ® : M — C over a
smooth elliptic curve C with A|lp = Op2(2) for every fiber F' of ®. In this case, there exists

a stable vector bundle € of rank three on C with ¢1(£) = 2 such that M = Po(€) and
A =2H(E) + D*(B) for some line bundle B on C with det(€) + 2B = 0.

Proof. If Kx + (n — 1)L is not nef, then (X, L) is either (1), (2) or (3) in Theorem 2.1.
Then we see that h°(Kx + (n — 1)L) = 0. So we may assume that Kx + (n — 1)L is nef. If
Kk(Kx 4+ (n—2)L) = —oo, then by assumption, Theorem 2.1, and Remark 2.3, (X, L) is one of the
following types.

(a) Kx ~—(n—1)L, that is, (X, L) is a Del Pezzo manifold.
(b) A hyperquadric fibration over a smooth projective curve.

)
(¢) A classical scroll over a smooth projective surface.
)

(d) Let (M, A) be a reduction of (X, L).



Table 1: The list of the possible cases of (B.5) in Theorem 3.1
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(d1) n=4, (M,A) = (P!, 0p(2))
(d.2) n=3, (M, A) = (Q3 Ops(2))
(d.3) n=3, (M,A) = (P3 Ops(3)).
(d.4) n = 3, M is a P2-bundle over a smooth projective curve C' and for any fiber F of it,

(F, Alr) = (P?, 0p2(2)).
Note that since h°(Kx + (n—1)L) = h°(Kjr + (n—1)A), we may assume that (X, L) = (M, A).

(a) The case in which (X, L) is a Del Pezzo manifold.
Then Ox (Kx +(n—1)L) ~ Ox and h°(Kx +(n—1)L) = 1. Hence this case cannot occur because
we assume that h®(Kx + (n — 1)L) = 2.

(b) The case in which (X, L) is a hyperquadric fibration over a smooth projective curve C'.

Here we use Notation 2.1. Here we note that e+b > 0 by [14, Claim 2.1] and s := 2e+ (n+1)b >0
by [6, (3.3)]. We also note that g(X, L) = 2g(C)—1+e+b,d = L™ = 2e+band h®(Kx +(n—1)L) =
g(C) — 14 e+ b (see Remark 2.4). Hence we get the following type.

(o) g(C)=2,e+b=1, and g(X,L) =4.
(B) 9(C)=1,e+b=2, and g(X,L) = 3.
(7) 9(C)=0,e+b=3, and g(X,L) =2.

(b.1) First we consider the case (). Then d = 2e+b=2—band s = 2e+(n+1)b = 2n+(—n+1)d.
Since s > 0, we have (n — 1)d < 2n, that is

2
d<2+4+ —.
n

Hence d < 3 and if d = 3, then n = 3. Therefore we get the list in (A.1) of Theorem 3.1.

(b.2) Next we consider the case (). Then by [22, (2.25) Theorem] we have 1 < d < 6. Since
d=2e+band e+b=2, we have e =d —2 and b =4 — d. So we get the list in (A.2) of Theorem
3.1.

(b.3) Finally we consider the case (7). Then g(X, L) = 2 and we can use Fujita’s classification of
(X, L) with g(X, L) = 2. There are 11 types in this case. For detail, see [6, (3.30) Theorem]. This
is the case (A.3) of Theorem 3.1.

(c) The case in which (X, L) is a classical scroll over a smooth projective surface S.

Let m : X — S be the P"2-bundle over S. Then there exists a vector bundle £ of rank n — 1
on S such that X = Pg(€) and L = H(E), where H(E) is the tautological line bundle of Pg(E).
Then £ is ample. By the canonical bundle formula, Kx = 7*(Kg + det(€)) — (n — 1)H(E). Hence
Kx 4+ (n—1)L = 7n*(Kg + det(£)) and we have

RO(Kx +(n—1)L) = h#*(Ks+ det(€)))
= hY(Ks +det(€))
= g(S,det(&)) — q(5) + py(S).

Since h®(Kx + (n — 1)L) = 2 > 0, we see that Kx + (n — 1)L is nef by [8, Theprems (11.2)
and (11.7)] or [20, Theorem in Section 1]. Hence Kg + det(&) is nef. Since 0 < L™ = H(E)" =
c1(8)% — ca(€) and c(€) > 0, we see that

c1(E)? = L" 4 co(E) > 2. (1)



(c.1) Assume that x(S) > 0. Then x(Og) > 0, that is, h?(Og) — h'(Og) > —1. Hence h°(Kx +
(n—1)L) > g(S,det(£)) — 1, and g(S,det(£)) < 3 because h°(Kx + (n — 1)L) = 2.

(c.1.a) We assume that x(Og) > 1. Then ¢(S,detf) < 2
(c.1.a.1) If g(S, det€) < 1, then k(S) = —oo by [7, Theorems (1.4) and (1.5)] and this is impossible.
(c.1l.a.2) If (S, det€) = 2, then (S5, &) is the case (B.1) in Theorem 3.1 by [7, (2.25) Theorem].

(c.1.b) We assume that x(Og) = 0. Then k(S) = 0 or 1. On the other hand ¢(S,det(£)) = 3
since h’(Kx + (n — 1)L) = 2. So by [9, Theorem 2.1] we have ¢(S) < 3.

(c.1.b.1) Assume that ¢(S) = 3. Then by [9, Theorem 3.1}, we see that £(S) = 1 and (S, det(€)) =
(E1 X Eq, E1 + E5), where Ey and Es are smooth projective curves with g(E;) = 1 and g(E3) = 2.
Let py : S — Es be the second projection. Then by [7, (2.14) Lemma] we have (p2).(&) is a
line bundle on Eo with § = deg((p2)«(€)) > 0 and ¢;(£)? = 276, where r = rank(£). But since
c1(€)? = (B1 + E2)? =2 and r > 2, this is impossible.

(c.1.b.2) Assume that ¢(S) < 2.

(c.1.b.2.1) If x(S) = 0, then S is birationally equivalent to an abelian surface or a bielliptic
surface because x(Og) = 0.

(c.1.b.2.1.1) Assume that S is minimal. Since Kgdet(€) = 0, we have (det€)? = 4. Then (S5, €)
is either the case (B.2) or the case (B.3) in Theorem 3.1.

(c.1.b.2.1.2) Assume that S is not minimal. Then by [21, (2.3) Theorem], S is a one point blowing
up of a smooth projective surface S’ such that S’ is minimal and det(£) = n*(H) — 2E, where
m:S — S’ is the blowing up, F is the exceptional divisor and H is an ample line bundle on 5.
Then H? = 6. Since rank(€) < det(€)E = 2 we have rank(€) = 2, that is, n = 3 in this case.
Moreover the following holds.

Claim 3.1 & is indecomposable.

Proof. Assume that £ is decomposable. We set £ = L1 @ L. Since £ is ample, so are L; and
Ly. Moreover Ly + Ly = 7*(H) — 2E. Let A; := m.(L;) for i = 1,2. Then each A; is ample and
H = A; + A,. Since k(S’) = 0 and S’ is minimal, we have Kg/A4; = 0 for ¢ = 1,2. Therefore
Af is a positive even number. Hence by the Hodge index theorem, we have A; Ay > 2. Therefore
(H)? > 8 and this is a contradiction because (H)? = 6. This completes the proof. O

This (5, ) is the case (B.4) in Theorem 3.1.

(c.1.b.2.2) If k(S) = 1, then by [21, (2.3) Theorem]| we see that S is minimal. By the classification
theory of surfaces, there exists an elliptic fibration f : S — C over a smooth projective curve C.
Then ¢(S) = g(C’) or ¢(S) = (C’) + 1. By the canonical bundle formula for elliptic fibrations, we

have Kg = )+ Z m,; — 1)F; for some line bundle B on C with deg B = x(Og) — 2x(O¢) =

29(C) — 2+ x(Og), Where m; F; is a multiple fiber of f.

(c.1.b.2.2.1) First we consider the case where ¢(S) = g(C) + 1. Then f has no multiple fiber or
at least two multiple fibers (see [29, Lemma 1.6] and [30, Proposition 1.3]). On the other hand



since k(S) = 1, we have Kg(det(£)) > 0. As we said above (see (1)), (det(£))? = ¢1(€)? > 2 holds.
Since g(5, det(€)) = 3, we get
Kg(det(€)) =1 or 2. (2)

(i) The case where ¢(S) =2 and ¢(C) = 1.

Then Kg = ) ,(m; — 1)F; because x(Og) = 0. Hence f has at least two multiple fibers and we
get Kg(det(€)) > 2. Therefore by (2) we have Kg(det(£)) = 2 and f has just two multiple fibers
and multiple fibers are 2F; and 2F,. Moreover (det(€))F; =1 for ¢ = 1,2. This is the type (1) in
Table 1.

(ii) The case where ¢(S) =1 and g(C) = 0.

Since x(Og) = 0 by assumption (see (c.1.b)), we have Kg = —2F + Z(mz — 1)F;, where F' is a
general fiber of f. We see from (2) that Kg(det(€)) =1 or 2 holds. Since Kg(det(E)) > 1, we see
that f has at least three multiple fibers. Here we may assume that m; > mgy > --- hold. Since

m;F; = m; I, we have
F,det(&) < Fjdet(€) for every i < j. (3)

We note that F' = m1F; = moF5. Hence

Kgdet(&) = (Z(mi —1)F; - 2F> det (&)

i

—F — 5+ Z(ml — 1)Fi det(é’) (4)
i>3

(ii.1) Assme that the number of multiple fibers is three. Then we see from (4) that Kgdet(€) =
(=F1 — Fy + (m3 — 1) F3) det(€). Since Kg(det(£)) < 2, we have mg <5 by (3).

(ii.1.1) If m3 = 5, then Fydet(f) = Fydet(E) = Fsdet(€) = 1 and my = my = 5. Hence
det(£)F = 5. This is the type (10) in Table 1.

(ii.1.2) If mg = 4, then F3det(£) =2 or 1.

(ii.1.2.1) If F5det(£) = 2, then det(E)F = 8. Since Kgdet(£) < 2, we have Fjdet(€) =
Fydet(€) =2 and my = my = 4. In this case Kg det(&) = 2.

Claim 3.2 This case cannot occur.

Proof. We use Proposition 2.1 and the notation in Proposition 2.1. Let det(€) = aNy + N3,
and Kg = €F', where a, 3 € Z and € € Q. Then

Ks(det(€)) = eup, (5
(det(£))? = B(2a+ B9). (6
Here we prove the assertion of this claim. In this case, we see from (5) that u = 4, € =

and 3 = 2 since Kg(det(€)) = 2. Hence by (6) we have 2 = (det(€))? = 2(2a + 2§). But this i
imposible because o and § are integer. This completes the proof of this claim.

O & ei=

(ii.1.2.2) If F3det(£) = 1, then det(E)F = 4. By (3) we have Fj(det&) = Fydet(£) = 1 and
my = mg = 4. In this case Kgdet(€) = 1. This is the case (11) in Table 1.



(ii.1.3) If ms = 3, then 0 < F3 det(€) — F; det(£) < 2.

(ii.1.3.1) If F5det(&)—F) det(€) = 0, then we see from (3) that F3 det(E) = F det(€) = F det(E).
But in this case Kgdet(£) = 0 and this is impossible because x(S) = 1 and det(€) is ample.

(ii.1.3.2) If F3det(€) — Fy det(E) = 1, then F3det(E) — Fadet(€) =0 or 1. Since

Fidet(€) = minget(e)
1

Fydet(€) = minget(e),
2

we have 1 = Fydet(£) — Fidet(€) = <m1*3> Fsdet (&), that is,

ma

3
m1—3'

Fydet(€) =1+

Therefore m; =4 or 6.
If nget(E) - nget(é') = 0, then mo = M3 = 3.

If Fydet(€) — Fadet(E) = 1, then we have 1 = Fydet(€) — Fodet(E) = (mm——?’) Fydet(€), that
is,
3

Fsdet(€) =1 .
zdet(€) +m2—3

Hence my = 4 or 6. Therefore we get the following types.

mi mo ms F1 det(é') F2 det(é’) F3 det(é’)
6 6 3 1 1 2
6 3 3 1 2 2
4 4 3 3 3 4
4 3 3 3 4 4

These are the cases (12), (13), (14) and (15) in Table 1.

(ii.1.3.3) If F3det(&) — Fy det(€) = 2, then we see that F3det(E) = Fy det(&). Since Fidet(€) =
5 Fydet(€), we have 2 = Fydet(€) — Fydet(€) = (mT—i”) Fydet(E), that is,

6

Fsdet(€) =2 .
36() +m1—3

Hence my; =4, 5, 6 or 9. Therefore we obtain the following table.

mq mo ms Fl det(E) F2 det(é‘) F3 det(é‘)
(@ | 9 | 3 | 3 1 3 3
M6 | 3|3 2 1 1
© | 5 | 3 3 3 5 5
@] 433 6 8 8

By the same argument as Claim 3.2, we see that the cases (b) and (d) cannot occur. The case
(a) (resp. (c)) is the case (16) (resp. (17)) in Table 1.

(ii.1.4) If mg = 2, then Kgdet(£) = (—F1 — Fa> + F3) det(&). In this case we have

Fydet(€) > Fy det(&) (7)



(ii.1.4.1) Assume that Kgdet(€) = 2. Then

Hence we get

det(E)F5 = det(E) Fy + det(E) Fy + 2.

Since m1 Fy = moFy = 2F3, we have

2
det(S)F1 = — det((‘:)F:;,
mi

det(é')Fg =

et (€)Fs = — det(€) F.

2m1m2

ma2

(mq —2)(mgy —2) — 4

Here we note that mg > 3 because det(E)F3 > det(E)F» by (7).

(ii.1.4.1.1) If my = 3, then by (9)

In this case, since

the following are possible.

36
det(&)Fs = .
€ (5) 3 6+ my — 6
2 12
det(E)Fy = — det(E)F3 =
et(E)F mle()s pe—
mi det(E)Fl det(S)Fg det(E)Fg
(@) | 7 12 28 42
b) | 8 6 16 24
] 9 4 12 18
(d) | 10 3 10 15
(e) | 12 2 8 12
@ [ 18 1 6 9

By the same argument as Claim 3.2, we see that the cases (a), (b), (¢) and (e) cannot occur.
The case (d) (resp. (f)) is the case (18) (resp. (19)) in Table 1.

(ii.1.4.1.2) If mg = 4, then by (9)

In this case, the following are possible.

32
det(é')Fg =4 + 2m1 — 8
my | det(E)Fy | det(E)Fy | det(E)F;3
@ 5 8 10 20
(b) | 6 1 6 12
© 1 8 2 1 8
) | 12 1 3 6

By the same argument as Claim 3.2, we see that the cases (a), (b) and (c) cannot occur. The
case (d) is the case (20) in Table 1.

(ii.1.4.1.3) Assume that mg > 5. Then m; > 5. First we have

mi det(S)Fl +meo det(E)Fg = 2d€t(g)F3 + Zdet(g)Fg = 4det(5)F3 = 4det(5)F1 +4d€t(€)F2 + 8.
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(Note that we use (8) at the last equality.) Namely
(m1 — 4) det(é’)Fl + (m2 — 4) det(E)Fg = 8. (10)
Hence

det(S)Fl + det((‘:)FQ < (m1 — 4) det(ﬁ)Fl + (mg — 4) det(5)F2 = 8.

Therefore (det(&)Fy,det(E)F3) = (1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (1,7), (2,2), (2,3),
(2,4), (2,5), (2,6), (3,3), (3,4), (3,5) or (4,4). Then we get the following possiblities by using

(10).
mq mo det(E)Fl det(E)Fg det((‘:)Fg
(@ | 8 | 8 1 1 4
M) [ 10 | 5 1 2 5
)] 6 | 6 2 2 6
(5 [ 5 4 1 10

By the same argument as Claim 3.2, we see that the cases (c¢) and (d) cannot occur. The case
(a) (resp. (b)) is the case (21) (resp. (22)) in Table 1.

(ii.1.4.2) Assume that Kgdet(€) = 1. Then

det(E)F5 = det(E)Fy + det(E)Fy + 1. (11)

Hence we find that
mq det(S)Fl = 2det(5)F3 = 2det(€)Fg + 2det(5)F1 + 2, (12)
modet(E)Fy = 2det(E)Fs =2det(E)Fy + 2det(E)Fy + 2. (13)

On the other hand, since det(€)F; = (2/mq)det(E)F5 and det(E)Fy = (2/me) det(E) F3, we see
from (11) that
det(E)F5 = (2/my) det(E)F3 + (2/m2) det(E)F5 + 1.
Therefore

that is,
mimsz

(m1 — 2)(777,2 — 2) — 4
Here we note that mz > 3 because mg = 2 and det(£)F3 > det(E) Fy by (7).

det(E)F3 =

(ii.1.4.2.1) First we consider the case in which my = 3. Then

3my 18
det(€)F5 = =3 :
¢ ( ) 3 mi — 6 + my — 6
Then the following are possible.
mq det(E)Fl det(E)Fg det((c:)Fg
7 6 14 21
8 3 8 12
9 2 6 9
12 1 4 6

11



These are the cases (23), (24), (25) and (26) in Table 1.
(ii.1.4.2.2) Next we consider the case in which my = 4. Here we note that m; > 4. In this case

we have

2m1 8
det(&)F3 = —— =2 .
¢ ( ) 3 mi — 4 + mi — 4
Then we get the following possible type.
mq det(E)F1 det(E)FQ det(E)Fg
5 4 5 10
6 2 3 6
8 1 2 4
These are the cases (27), (28) and (29) in Table 1.

(ii.1.4.2.3) Finally we consider the case in which mgy > 5. Then my > 5, and since Ky det(£) =1
and m3 = 2, we see from (12) and (13) that

det(E)Fy + det(E)Fy < (mq — 4) det(E)Fy + (mg — 4) det(E) Fy = 4.

Therefore (det(E)Fy,det(E)Fy) = (1,1), (1,2), (1,3), (2,

2). Since det(E)F3 = det(E) Fy+det(E) Fo+

1, (my —4)det(E)Fy + (mgo — 4) det(E)F> = 4 and m3 = 2, we get the following:
my | mg | det(E)Fy | det(E)Fy | det(E)Fs
6 6 1 1 3
) ) 2 2 )

These are the cases (30) and (31) in Table 1.

(ii.2) Assme that the number of multiple fibers is four. Then Kgdet(£) = (—Fy — F» + (m3 —
1)F3 + (my — 1)Fy) det(€). Since 1 < Kgdet(€) < 2, we have (m3,my4) = (4,2),(3,3),(3,2),(2.2).

(ii.2.1) If (mg,ms) = (4,2), then Kgdet(E) = (—Fy — Fy + 3F5 + Fy)det(E) = 2det(E)Fs +
(det(E)F5 — det(E)Fy) + (det(E)Fy — det(E) Fy) > 2det(E)F3 > 2. Since Kgdet(€) < 2, we have
det(E)F5 = 1, det(E)F5 = det(£)Fy and det(E)Fy = det(E)Fy. Therefore det(E)Fy = det(E)Fy =
det(E)F3 = det(£)Fy = 1. But this is impossible.

(ii.2.2) If (mg, m4) = (3,3), then the following holds by the same argument as in (ii.2.1).

ma mo ms my KS det(é‘) det(S)Fl det(E)FQ det(ﬁ)Fg det(E)F4
3 3 3 3 2 1 1 1 1

This is the case (4) in Table 1.
(ii.2.3) Next we consider the case where (mg, m4) = (3,2).

(i1.2.3.1) If (mg, m4) = (3,2) and Kgdet(€) = 1, then we see that det(E)F;
But since mg # my this case cannot occur.

;=1fori=1,2,3,4.

(ii.2.3.2) If (m3,mq) = (3,2) and Kgdet(€) = 2, then we see that det(£)Fy = 1 or 2 because
2det(E)F3 + det(E)Fy — det(E)Fy — det(E)Fy = 2.

(ii.2.3.2.1) If det(E)Fy = 2, then det(E)F = 4 because my = 2. But this is impossible because
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m3=3.

(ii.2.3.2.2) If det(E)Fy = 1, then det(E)F5 = det(E)Fy = det(€)Fy = 1 because det(€)F; >
det(€)F;—1. But this is impossible because mg # my.

(ii.2.4) Assume that (msz,m4) = (2,2). Then Kgdet(£) = (—Fy — Fy + F3 + Fy)det(&) =
(Fy — Fy)det(&) + (F3 — Fz)det(€). Since 1 < Kgdet(€) < 2, we see from (3) that

((Fy — F1)det(€), (F5 — F2) det(€)) = (2,0), (1,1),(1,0).

(ii.2.4.1) If (F5 — F3)det(&) = 0, then (Fy — Fy) det(€) > 0 and in this case we have the following
table.

my | ma | m3 | my | Kgdet(E) | det(E)Fy | det(E)Fy | det(E)F5 | det(E)F,
@ 6 | 2| 2|2 2 1 3 3 3
42 2]z 2 2 1 1 1
©] 3 2] 2] 2 2 4 6 6 6
@42 2]z 1 1 2 2 2
e 3 2] 2] 2 1 2 3 3 3

By the same argument as Claim 3.2, we see that the cases (b) and (c) cannot occur. The case
(a) (resp. (d), (e)) is the case (5) (resp. (6) and (7)) in Table 1.

(ii.2.4.2) If (F5 — Fy) det(€) = 1, then (F3 — Fy)det(€) > 0 and (F — Fy) det(€) = 0. Hence in
this case we have the following table.

my | ma | mg | my | Kgdet(€) | det(E)Fy | det(E)Fy | det(E)F3 | det(E)Fy
4 4 2 2 2 1 1 2 2
3 3 2 2 2 2 2 3 3

These are the cases (8) and (9) in Table 1.

(ii.3) Assume that the number of multiple fibers is greater than or equal to five.
First we see from (3) that we have

Ksdet(€) > | (ms—2)Fs+ (ma—2)Fy+ Y (m; —1)F; | det(€). (14)
i>5

(ii.3.1) The case where Kg(det(£)) = 2.
Then by (14) we get ms < 3. Assume that ms = 3. Then since m; > msg > --- hold, we see that
m; >3 fori=1,2,3,4, and by (14) we have

Kg(det(€)) > | Fs+ Fi+ > (mi — 1)F; | det(€) > 4
i>5

and this is a contradiction. Hence ms = 2, and since Kg(det(£)) > Fs det(E), we have det(E) F5 = 2
or 1.

(ii.3.1.1) If det(€)F5 = 2, then the equality in (14) holds. So ms = 2, m4 = 2 and ms = 2, and
det(E)F1 = det(E)Fy = det(E)F5 = det(E)Fy. Hence m; = 2 and (det(£))F; = 2 for every i. But
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by the same argument as Claim 3.2, we see that this case does not occur.

(ii.3.1.2) If det(&)F5 = 1, then the number of multiple fibers is at most six.

(ii.3.1.2.1) If the number of its multiple fibers is six, then mg = 2 and the equality in (14) holds.
Hence ms = 2, my = 2, det()Fy = --- = det(E)Fy. Therefore m; = 2 for every integer ¢ with
1<i<6.

(ii.3.1.2.2) If the number of its multiple fibers is five, then det(E)F = det(€)(2F5) = 2, det(E)Fy =

<o =det(€)Fy =1 and m; = --- = my = 2. On the other hand
Ksdet(€) = |—Fi—F+ Y (mi—1)F | det(€)
i>3
= ((ms— 2)F3 + (m4 —2)F, + F5) det(E)
= 1.

But this is a contradiction.

Therefore if det(£)F5 = 1, then the number of its multiple fibers is six and (mq,...,mg) =
(2,...,2). This is the case (2) in Table 1.

(ii.3.2) The case where Kg(det(€)) = 1.
Then the number of its multiple fibers is five and ms = 2 and det(€)F5 = 1. So we have det(€)F =
-~ =det(€)F5 =1 and m; = --- = ms = 2. This is the case (3) in Table 1.

(c.1.b.2.2.2) Next we consider the case where ¢(S) = g(C). Then since x(Og) = 0 by assumption
(see (c.1.b)) and ¢(5) < 2 (see (c.1.b.2)), we have 1 < ¢(S) < 2.

(i) The case where ¢(S) =2 and g(C) = 2.

Then Kgdet(£) = (2F 4+ > (m; — 1)F;) det(€). Since Kgdet(€) < 2, we have Kgdet(€) = 2,
Fdet(£) = 1 and f has no multiple fiber. In this case (det(£))? = 2. This is the case (32) in Table
1.

(i) The case where ¢(S) =1 and ¢g(C) = 1.

Then Kgdet(&) = Z(mi - 1)F1> det(&).

(ii.1) If Kgdet(€) =1, then f has one multiple fiber 2F; and det(€)F; = 1. This is the case (33)
in Table 1.

(ii.2) If Kgdet(€) = 2, then one of the following types can occur.

(ii.2.1) f has two multiple fibers 2Fy, 2F» and det(£)F; = det(£)Fy = 1. This is the case (34) in
Table 1.

(ii.2.2) f has one multiple fiber 2F; and det(€)F; = 2. This is the case (35) in Table 1.
(ii.2.3) f has one multiple fiber 3F; and det(£)F; = 1. This is the case (36) in Table 1.

(c.2) Assume that x(S) = —oc.
Then h®(Kx + (n — 1)L) = g(S,det(£)) — ¢(S). Hence
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g(S,det(&)) = q(S) + 2. (15)

Here we note that (9, det(€)) is not a scroll over a smooth curve because det(€)B > 2 for every
rational curve B on S. Therefore by [10, Lemma 1.16] we have g(S, det(£)) > 2¢(S) and ¢(S5) < 2.
On the other hand since Kg + det £ is nef, we have

0

IN

(KS + det(é’))2
= K2 +4g(S,det(£)) — 4 — (det(£))% (16)

If ¢(S) > 0, then K2 < 8(1 — ¢(S5)). Hence we have

0 < 8(1—q(9))+4(g(S,det(E)) — 1) — (det(&))? (17)
4(g(S,det(£)) — 2q(S)) + 4 — (det(£))%

Here we will divide three cases.

(c.2.1) The case where ¢(S) = 2.

Since we see from (15) that g(S,det(€)) = 2¢(S) in this case, we have (det(£))? < 4 from (17).
We note that there exists a fiber space h : S — C over a smooth projective curve C with g(C) =
q(S) = 2 such that any general fiber of h is P! since ¢(S) > 0.

(c.2.1.1) We consider the case where S is minimal. Then there exists a vector bundle F of rank
two on C such that F is normalized and S = P (F). Let Cy be the minimal section of h : S — C.
We set f := —deg F. Then Cf = —f and Kg = —2Co+(2— f)F. We can write det(£) = aCy+bF,
where F is a general fiber of h. Since det(€) is ample, we get the following (see [18, Corollary 2.18
and Proposition 2.21 in Chapter V]).

(a) If f >0, then a >0 and b > af.
(b) If f <0, then @ >0 and b > (1/2)af.
We also note that (det(€))? = a(2b — af). Since a = det(E)F > 2, we have (det(£))? = 2,3, 4.

(c.2.1.1.1) Assume that (det(£))? = 2. Then since a > 2 and 2b — af > 1, we have a = 2 and
2b—af = 1. Therefore 1 = 2b — af = 2(b — f) but this is impossible.

(c.2.1.1.2) Assume that (det(€))? = 4. Then a = 2 or 4. If a = 4, then 2b — af = 1. But then
1=2b—af =2b—4f and this is also impossible. Therefore a =2 and b — f = 1.

(c.2.1.1.3) Assume that (det(€))? = 3. Then we have a = 3 and 2b — af = 1. In particular
2b—3f =1. If f >0, then from (a) above, we have b > af =3f and 6f —3f < 2b—3f =1, that
is, f < 0. Therefore f = 0. On the other hand, we see that b & Z because 2b — 3f = 1. Therefore
we have f < 0. Since (det(£))? = 3 and S is minimal, we have (Kg + det(£))? = 1. We note that
Ks+det(€) = (a—2)Co+(2+b—f)F. Sowe have (Kg+det(€))? = —(a—2)%f +2(a—2)(2+b— f).
Since a = 3 and 2b—3f = 1, we have (Kg +det(£))? = 2b—3f +4 = 5 and this is also impossible.

Therefore (det(£))? =4, a =2 and b— f = 1. Then the rank of £ is two because det(E)F = 2.
Hence n = 3. In this case L3 + c3(€) = (det(€))? = 4. Here we note that h*h,(€ ® H(F)™!) —
E®H(F)~! is surjective. Since h°((E@ H(F)™1)|r,) = h®(Op1 ®Op1) = 2 for any fiber F}, of h, we
see that h, (€ ® H(F)™!) is a locally free sheaf of rank two. Therefore the above homomorphism is
an isomorphism. Let G := h,(£ ® H(F)~1). Then £ = h*(G) ® H(F). We note that degG = f + 1
because det(€) = 2H(F) + (deg G)F. Since c2(E) = co(h*(G) @ H(F)) = degG — f = 1, we have
L3 = 61(8)2 - 62(5) = 3.
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Since det £ is ample, we get the following: If f < 0, then we have f > —g(C) (see [27]), that is,
f=-1, -2 If f >0, then by (a) above we have f +1 > 2f. Namely we have f = 0. Therefore
f=0,—-1, -2 and deg G = 1, 0, —1 respectively.

Next we prove the following.
Claim 3.3 If f < —1, then F and G are semistable.

Proof. Assume that G is not semistable. Then there exists a quotient line bundle Q of G
such that pu(G) > u(Q), where u(G) = deg(G)/rank(G) and pu(Q) = deg(Q)/rank(Q). Here we
note that p(Q) = ¢1(Q) and p(G) = (1/2)c1(G). Hence 0 < u(G) — u(Q) = (1/2)e1(G) — ¢1(Q).
Namely 2¢1(Q) < ¢1(G) = f+1 < 0. Then since G — Q — 0 is exact, h*(G) ® H(F) —
h*(Q)® H(F) — 0 is also exact. Since & = h*(G)® H(F) is ample, so is h*(Q) ® H(F). Therefore
0<ci(h(Q®H(F))? = (H(F)+c1(Q)F)? = —f+2¢1(Q) < 0. But this is impossible. Therefore
G is semistable.

Next we consider the semistability of F. Let Q' be a quotient line bundle of F and let Z be the
section of h corresponding to Q'. Then 0 < ¢1(£)Z = QH(F)+ (f+ 1)F)Z =2c1(Q")+ f+1 <
2¢1(Q’). Namely ¢1(Q') > 0. Since deg F = — f, we see that u(Q') —u(F) = ¢1(Q')—(1/2)c1 (F) >
1+ %f > 0 because f = —1 or —2. Therefore F is semistable. This completes the proof. O

This is the case (B.6) in Theorem 3.1.

(c.2.1.2) Next we consider the case where S is not minimal.
Then from (17) we have 1 < (det(£))? < 3.

Assume that (det(€))? = 1 (resp. 2, 3). Then we see from (16) that —11 < K2 < —9 (resp.
—10 < K% < -9, K% = —9). Since g(5,det(€)) = 4, we have Kgdet(£) =5 (resp. 4, 3). Hence
(2K +det(€))? = 4KZ + 4K g det(€) + (det(€))? < 0, that is, 2K g + det(€) is not nef. Therefore
there exists an extremal rational curve E on S such that (2Kg + det(€))E < 0. Since ¢(S5) = 2,
we see that E is a (—1)-curve. Hence KgF = —1 and det(£)E = 1. But this is impossible.

(c.2.2) The case where ¢(S) = 1.
Since g(S,det(E)) = ¢(S) + 2 = 3, by [21, (2.3) Theorem (V)] we get the nine types. This is the
case (B.7) in Theorem 3.1.

(c.2.3) The case where ¢(S) = 0.
Since g(S,det(€)) = ¢(S) +2 = 2, by [7, (2.25) Theorem] we get the three types 4), 59) and 5;).
For detail, see [7, (2.25) Theorem]. This is the case (B.8) in Theorem 3.1.

(d) If (M, A) is (P4, Opa(2)) (resp. (Q3, Ogs(2)), (B3, Ops(3))), then by (d.1) (resp. (d.2), (d.3)) in
the proof of [14, Theorem 2.2] we have h°(Kx +3L) =5 (resp. h°(Kx +2L) =5, h°(Kx +2L) =
10). So these cases cannot occur. Next we consider the case in which (M, A) is a P2-bundle over
a smooth curve with Ly = Op2(2) for any fiber F.
Here we use notation in [14, Theorem 2.2]. By (d.4) in the proof of [14, Theorem 2.2], we have
g(C) = 1. Then h°(Kx +2L) = e, that is e = 2. Moreover g(X,L) = 1+e+2—2g(C) = 3. Hence
by [22, (3.4) Theorem (II)], we see that X 2 P (&), £ = mO(Kx + 2L) is a stable vector bundle
of rank three with ¢;(£) = 2 and L = 2H(E) 4+ 7n* B, where B € Pic(C) with det(€) + 2B = 0,
where 7 : Po(€) — C' is the natural map. This is the case (C) in Theorem 3.1.

Therefore we get the assertion. O

Remark 3.1 Here we consider an example of some types in Theorem 3.1.
(a) There exists an example of the type (A.2) if d = 3,4 or 6. See [22, (2.4)].

16



(b) There exists an example of each case in (A.3). See [6, from (3.15) to (3.29)].

(¢) An example of the type (B.2) in Theorem 3.1 (see also [11, Example 4.7]).

First let E be a smooth elliptic curve. Then there exists an indecomposable and ample vector
bundle G of rank two on E such that ¢;(G) = 1. Let S := E x E’, where E’ is an arbitrary smooth
elliptic curve. We set £ := pi(G) ® p5(D), where p; is the natural projection and D is a line bundle
with deg D = 1. Then this (5, &) is an example of the type (B.2) in Theorem 3.1.

(d) An example of the type (B.3) in Theorem 3.1.

First we note that there exist smooth elliptic curves A and B, and an abelian group G such that
S 2 (A x B)/G. Then the types of G and the basis of Num(S) are the following (see [28, Tables
1 and 2]).

G Num(S)

Zs (1/2)A, B
Zs (1/4)A, B
ZixZs | (L4)A, (1/2)B
Zs (1/3)4, B
Zs x Zs | (1/3)A, (1/3)B
Ze (1/6)4, B

We also note that AB =, where v := |G|. First we claim the following.

Claim 3.4 £ is indecomposable.

Proof. Assume that £ is decomposable. Then ¢ (det £) = Ly + Lo for two ample line bundles
Ly and Ly on S. Let A and B be the basis of Num(S), where a, 8 € Q. Then the above table
shows that afy = 1. Let L; := ;A + y; 8B for i = 1,2. Then z; > 0 and y; > 0 by [28, Lemma
1.3]. Hence L? = 2z;y; > 2 and ¢1(£)? = L? + L3+ 2L, Ly > 4. But this is a contradiction. Hence
£ is indecomposable. O

Here let G = Zsy. Set S := (Ax B)/G, where G acts on A x B componentwise. Then there exist
two fiber spaces ® : S — A/G and ¥ : S — B/G such that A/G is a smooth elliptic curve and
B/G is a smooth rational curve. Here we note that any smooth fiber of ® (resp. ¥) is isomorphic
to B (resp. A). We also note that AB = 2. Then we can take an indecomposable ample vector
bundle F of rank two on A/G such that ¢;(F) = 1. Moreover ¥ has a multiple fiber 2F” whose
multiplicity is two (see [28, Table 2 in Theorem 1.4]). Then we set £ := ®*(F) @ O(F”'). Then we
prove the following.

Claim 3.5 & is ample.

Proof. Let w1 : Py/q(F) — A/G. Then there exists a morphism ¢; : Ps(®*(F)) — Py a(F)
such that ® o = m; o g1, where 7 : Pg(®*(F)) — S. Then ¢fH(F) = H(®*(F)). On the other
hand i : Pg(€) — Pg(®*(F)) is an isomorphism and i.(H(E)) @ #*O(—F") = H(P*(F)) (see [18,
Lemma 7.9 in Chapter II]). Therefore £ is ample if and only if H(®*(F)) @ 7*O(F") is ample.

Here we note that 2¢7 H(F) @ n*O(2F") = 2¢7 H(F) ® r*O(P) for some point P € B/G, where
we set 7 := Wor : Pg(®*(F)) — S — B/G. Let H := 2¢{H(F) @ r*O(P). Then it suffices
to show that H is ample because H(®*(F)) @ m*O(F') = ¢i H(F) @ 7*O(F’). Here we use [5,
Theorem B6 in Appendix B]. Let Y be an irreducible subvariety of Pg(®*(F)). Here we note that
dim P (3*(F)) = 3.
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(1) Assume that dimY = 3. Since H(F) and O(P) are ample, we see that h®(mH) > 0 for m > 0
and |mH| has a nonzero effective divisor.

(2) Assume that dimY = 2.

(2.1) If r(Y) is not a point, then r(Y) = B/G. For some m > 0, we have Bs|2mH(F)| = 0
and Bs|O(mP)| = 0. Hence by Bertini’s theorem, there exist D; € |¢f(2mH(F))| and Dy €
|r*(O(mP))| such that D; Y and Ds A Y. Since 7(Y) = B/G, we have Do N'Y # (). Therefore
Dy + Dy € |(mH)ly| is a nonzero effective divisor.

(2.2) If #(Y) is a point, then Y is contained in a fiber of r. Let F = 7(Y’). Then F and ®(F) are
curves. Namely ®(F) = A/G. Since Porm = 7 0¢q; and ® ow(Y) is not a point, we see that ¢;(Y)
is not a point. Hence by the same argument as in the case (2.1) we see that for m > 0 there exist
D, € |gi(2mH(F))| and Dy € |r*(O(mP))| such that D; 7Y and Ds 5 Y. Moreover D1 NY # ()
because D; is ample. Therefore Dy + Dy € [mH]|y| is a nonzero effective divisor.

(3) Assume that dimY = 1.

(3.1) If Y is not contained in any fiber of r, then by the same method as in the case (2.1) above,
|mH|y| has a nonzero effective divisor for m > 0.

(3.2) Assume that Y is contained in a fiber of r.

(3.2.1) If 7(Y") is a curve, then by the same argument as in the case (2.1), we see that [mH]|y| has
a nonzero effective divisor for m > 0.

(3.2.2) If 7(Y) is a point, then Y is a fiber of 7. We also note that ¢; (") is a curve by construction.
Here we take a positive integer m such that Bs|2mH (F)| = @ and Bs|O(mP)| = . Then there
exist Dy € |q¢f(2mH(F))| and Dy € |[r*(O(mP))| such that D; » Y and Dy A Y. Moreover
Dy NY # (. Therefore Dy + Dy € [mH]|y| is a nonzero effective divisor.

Hence we see from the above argument that mH is ample, that is, H is ample. This implies
that £ is also ample. O

We note that ¢;(£) = ®*c1(F) + 2F" and ¢1(€)? = 4. Therefore this (9, &) is an example of
(B.3) in Theorem 3.1.

(e) We consider the case (B.5) in Theorem 3.1.

(e.1) First we consider the case where ¢(X) = 2 and g(C) = 1. Let a : S — Alb(S) be the
Albanese map of S. Since ¢(S) = 2, we have dim Alb(S) = 2. Assume that dim «(S) = 1. Then
a(S) is a smooth curve of genus 2 and a : S — «(S) is a fiber space. Since k(S) = 1, we see
that any general fiber of « is an elliptic curve. Here we note that for any general fiber F' of
f:8 — C, a(F) is a point because g(«(S)) = 2. Hence by [1, Lemma 4.1.13], there exists a
morphism § : C — «(S) such that & = § o f. But this is impossible because ¢g(C) < g(a(95)).
Hence dim «(S) = 2. Namely « is surjective. For any general fiber F' of f, o(F') is a curve. We
also note that «(F) is a complex subtorus of Alb(S) (see [31, Theorem 10.3]). Let H := «a(F) for
a fixed general fiber F of f. We consider 7 : Alb(S) — Alb(S)/H. Here we note that Alb(S)/H is
an Abelian variety of dimension 1, that is, a smooth elliptic curve (see also [23, (4.2) Proposition
in Chapter 2 and (1.1) Proposition in Chapter 4]). Then since F'F’ = 0 for any general fiber F’
of f and (7o a)(F) is a point, we infer that (7o «)(F”) is a point. Hence there exists a morphism
t:C — Alb(S)/H such that m o« = o f. Since any fiber of f is irreducible in this case (see [29,
Lemmas 1.5 and 1.6]), we see that « is finite. Moreover since mulitplicity of every multiple fiber
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of f is 2, we also see that deg a« = 2. Therefore S is a double cover of an Abelian surface.

(e.2) Next we consider the case where ¢(S) = 1 and g(C) = 0. Then this case corresponds to one of
the cases from (2) to (31) in Table 1. We use Proposition 2.1 and the notation in this proposition.
Then by Proposition 2.1 the generators of Num(S) are Ny = (1/2)F and Ny = (2/7)D + (6/4)F.
Let det &€ = aN1 + SNy and let Kg = eF. Then by (5) and (6) in Claim 3.2 we have

(det(£))* = B(2a+ 9),
Ks(det(£)) = eup,

First we consider the case of (2) in Table 1.
In this case p = 2. Since Kg = F', we have 2 = Kg(det &) = 203 because DF = +. Hence § = 1.
We also note that
2 = (det£)? = (2a + 39)3 = 2 + 4.

Since § = 0 or 1 by definition, we see that if § = 1, then this is impossible because 2 = 2a + 4.
Hence 6§ =0 and o = 1.

By the same argument as above, we can get (u, €, «, 3,0) for other cases. See the Table 2 below.
(f) We consider the case (B.6) in Theorem 3.1.

(f.1) An example of the case where deg(F) = 0.

First let F be a normalized vector bundle on C with degF = 0. Then H(F) is nef. Let G be
a stable vector bundle of rank two on C' with degG = 1. This vector bundle always exists (see
e.g. [26, Theorem 8.6.1]). Then we note that G is ample (see [25, Main Claim in p.62]). Let
& :=h*(G) ® H(F). Then & is ample by the method similar to [7, (2.6)] and this is an example of
the case where deg(F) = 0.

(f.2) An example of the case where deg(F) = 1.
First let F be a normalized vector bundle on C' with degF = 1. Then H(F) is ample. Let
€ := H(F)® H(F) and this is an example of the case where deg(F) = 1.

(£.3) Finally we consider the case where deg(F) = 2.

Let F and G be semistable vector bundles on C such that deg F = 2 and degG = —1. (Here we
note that these vector bundles always exist. See e.g. [26, Theorem 8.6.1].) Let £ := h*(G) ® H(F).
Then & is ample by the method similar to [7, (2.6)].

(g) There exists an example of each case in (B.8). See [7].

(h) There exists an example of each case in (C). See [22, (3.3)].

Finally we note that, as we said at the beginning of this section, we can get a classification of
polarized 3-folds (X, L) with h°(Kx + 2L) = 2 from Theorem 3.1.

Corollary 3.1 Let (X, L) be a polarized manifold of dimension 3. If h°(Kx + 2L) = 2, then
(X, L) is one of the types in Theorem 3.1.

4 Final remarks

Let (X, L) be a polarized manifold of dimension n > 3. In [12] and [13], for every integer ¢ with

0 < i < n, we introduced new invariants of (X, L), the ith sectional geometric genus g;(X, L)
and the ith sectional H-arithmetic genus x" (X, L), which play important roles in the study of the
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1 and ¢(C) =0.

Table 2: The case where ¢(.5)
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dimension of global sections of adjoint bundle (see [14] and [15]). In particular, the author proved
Conjecture 1.1 for dim X = 3 by using the theory of these invariants.
In [12, Conjecture 4.1] and [13, Conjecture 2.1], we proposed the following conjecture.

Conjecture 4.1 Let (X, L) be a polarized manifold of dimension n. Then the following hold.
(1) gi(X,L) > hi(Ox) forn>2 and 0 <i < n.
(2) x&(X,L) >0 holds if n >3 and k(Kx + (n —2)L) > 0.
Remark 4.1 We note that by definition
X3 (X,L) =1—h'(Ox) + g2(X, L)
holds. Hence Conjecture 4.1 (2) implies that go(X, L) > h!(Ox) if n > 3 and k(Kx +(n—2)L) > 0.

In [14, Theorem 3.1.1], we proved the following which shows a relation between Conjecture 1.1
and Conjecture 4.1.

Theorem 4.1 Ifn >4 and Conjecture 4.1 is true, then Conjecture 1.1 is true.

Concerning this result, we can also prove the following.

Theorem 4.2 Let (X, L) be a polarized manifold of dimension n. Assume that n > 4 and Con-
jecture 4.1 is true. If h°(Kx + (n — 1)L) < 2, then k(Kx + (n —2)L) = —oo.

Proof. We use an invariant A;(X, L) which was defined in [16, Definition 3.2]. This invariant
has the following properties.

(A) (See [16, Proposition 3.2 and Remark 3.2].) For every integer ¢ with 1 < ¢ < n, we have
Ai(X,L) = g;(X,L)+ g;—1(X, L) — hi"1(Ox) and Ag(X,L) = L"™. In particular A, (X, L) =
hO(Kx + L).

(B) (See [16, Corollary 3.1].) For every positive integer ¢, we have

RO(Kx +tL) = zn: <th_ 1,) Ay (X, L).

j=o N

From (B) above, we have

0 " n—2

W(Kx +(n—1)L) = ; (n B j) Aj(X,L).
Assume that K(Kx + (n — 2)L) > 0. Then from (A) above and the assumption that Conjecture
4.1 holds, we see that A;(X,L) > 0 for every integer j with 3 < j < n and A3(X,L) > ¢:1(X, L).
Here we note that g1 (X, L) is the sectional genus of (X, L) (see [12, Remark 2.1.1 (1)]). Hence
hO(Kx + (n—1)L) > g1(X, L). So we get g1(X, L) < 2 by assumption. On the other hand, since
K(Kx + (n—2)L) > 0, we have g;(X,L) = 1+ (1/2)(Kx + (n — 1)L)L"~* > 2 because L™ > 0
and ¢1 (X, L) is an integer. Therefore g;(X, L) = 2. By [6, (1.10) Theorem] and [14, Theorem 1.6
and Remark 1.7], we see that (X, L) is one of the types (I), (II) and (III) in [14, Theorem 1.6].

If (X, L) is the type (I) in [14, Theorem 1.6], then

0 for every integer ¢ with 4 <1¢ < n,
h(Ox) = 0 for every integer j with 1 < j < n. (19)
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Moreover by Conjecture 4.1 we have go(X, L) > 0. Therefore

A2 (X, L) = goX,L)+ (X, L) - hl(ox) 2 (20)

ML) = gu(X.L)+ ga(X.L) — h(Ox) =1 (22)

Aj(X,L) = 0 forevery integer j with4 < j <n (23)
(21), (

W (Kx +(n—1)L) = i(””)A(x L)

n
i=0 J

= As(X,L)+ (n—2)A5(X, L) + (” ) 2) Ay(X, L)

> 2+<";1> > 5.

If (X, L) is of the type (IT) in [14, Theorem 1.6], then Kx + (n — 1)L = 7*(Op=(1)). (Here we use
the notation in [14, Theorem 1.6].) Hence

W(Kx +(n—1)L) = h(7"(Op(1)))

Hence this contradicts the assumption.

If (X,L) is of the type (III) in [14, Theorem 1.6], then (X, L) is a simple blowing up of a
polarized manifold (X', L") which is of the type (II) in [14, Theorem 1.6]. Since h°(Kx+(n—1)L) =
hO(Kx: + (n —1)L’), by the argument above we get

R(Kx +(n—-1L) = hKx +(n—-1)L)
= n+12>5.
Hence this also contradicts the assumption. Therefore we get the assertion. O

Remark 4.2 In [6, Remark (2.2)] Fujita conjectured that h°(L) > 0 if (X, L) is the type (I) in
[14, Theorem 1.6]. Here we note that h°(L) > 0 if and only if go(X, L) > 3 — n.
Proof. Since

WO(L) = K(Kx + (n—2)L) = 3 (22N aexn.

j=o Nt
by (21), (22) and (23) we have
hO(L) = A3(X,L) + (n— 3)A4(X,L) = go(X,L) + n — 2.
Therefore we get the assertion. O
In particular, if we can prove that go(X, L) > 0, then this conjecture is true.

By Theorem 4.2 we get the following.

Corollary 4.1 Let (X, L) be a polarized manifold of dimension n > 4. Assume that Conjecture
4.1 is true. If h°(Kx + (n—1)L) = 2, then (X, L) is one of the types in Theorem 3.1.
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5 Appendix

Here we consider the case of n = 3. By [14, Theorem 2.3], we see that if k(Kx + L) > 0, then
h°(Kx +2L) > 3. So it is interesting to consider a classification of polarized 3-folds (X, L) with
k(Kx + L) > 0 and h°(Kx + 2L) = 3. In this case, we can prove the following.

Theorem 5.1 Let (X, L) be a polarized 3-fold. Assume that k(Kx+L) > 0. Then h°(Kx+2L) =
3 if and only if (X, L) satisfies the following.

(%) Ox(Kx)=0x, L[*=1, h%L)=1 and ¢(X)=0.

Proof.  (A) We are going to prove the “only if” part. First we note that
g1(X, L) > 2 (24)

because k(K x + L) > 0. We also note that the following inequality holds by [13, Theorem 3.2.1
and Theorem 3.3.1 (2)].
92(X, L) > h'(Ox) (25)

Furthermore we can get the following.
Claim 5.1 h°(Kx + L) > 0 holds.
Proof. First of all, by a result of Horing the following holds.

Theorem 5.2 ([19]) Let (X, L)be a polarized 3-fold. If Kx + L is nef, then h®(Kx + L) > 0 holds.

By the assumption that n = 3 and x(Kx 4+ L) > 0, Theorem 2.1 implies that there exist a
polarized 3-fold (M, A) and a birational morphism u : X — M such that the following properties
hold.

(1) h%(Kx + L) = k(K + A).
(2) Ky + Ais nef.

Moreover by the condition (2) above and Theorem 5.2, we have h®(Kys + A) > 0. Therefore
the condition (1) above implies that h°(Kyx + L) > 0 holds. O

Since
3=h"Kx +2L)=h"(Kx 4+ L)+ ¢g1(X,L) + g2(X, L) — h'(Ox)

by [14, Theorem 2.1], we see from (24), (25) and Claim 5.1 that (X, L) satisfies the following.
gl(XaL) :23 hO(KX+L) :17 gQ(XzL) :hl(ox)

By [14, Theorem 1.6 and Remark 1.7] we see that (X, L) is (I), (II) or (III) in [14, Theorem
1.6).

(A.1) If (X, L) is the type (II) or the type (III) in [14, Theorem 1.6], then h3(Ox) = 0, h*(Ox) = 0,
and h%(Kx + L) = 1. Hence go(X, L) = 1 by [14, Theorem 1.1 (2)]. On the other hand h'(Ox) = 0
in these cases. Therefore ga2(X, L) # h'(Ox) and the types (II) and (III) in [14, Theorem 1.6] do
not occur.

(A.2) If (X, L) is the type (I) in [14, Theorem 1.6], then (X, L) satisfies () in Theorem 5.1.

(B) Next we are going to prove the “if” part. We assume that (X, L) satisfies (*) in Theorem 5.1.
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Then we can easily check that h°(Kx + L) = h°(L) = 1 and x(Kx + L) > 0. Moreover by [14,
Theorem 1.1 (2)] and the Serre duality, we have

g@(X,L) = h%Kx +L)—h*Ox)+h*Ox)
= h%(L) - h°(Ox) +h'(Ox) = 0.

Moreover we have 1
g1(X, L) =1+ 5 (Kx +2L) [ =1+ L% =2.

Therefore

hY(Kx +2L) W (Kx + L) + g1(X, L) + g2(X, L) — ' (Ox)

So we get the assertion. U

Example 5.1 Here we note that there exists an example of polarized 3-fold (X, L) with (%) in
Theorem 5.1. B

Let X be a quintic hypersurface in P* and let L = O(1). Let G := {1,£,£2,£3,£*} be a cyclic
subgroup of order 5 of the multiplicative group of C, where ¢ is a primitive 5th root of unity. Then
we define an action of G on P* by

G- (o :xy @0 231 x4) 1= (0 : g1 : §°2 : gPu3: gray)

for any ¢ € G. Then G acts freely on )Z', and X := )Z’/G is a smooth projective 3-fold with
O(Kx) = Ox and hi(Ox) =0 for j =1 and 2. Let D € |L|. Then L := n(D) is an ample divisor
on X with L? = 1 and h°(L) = 1, where 7 : X — X be the quotient map. Hence go(X, L) =
hO(Kx + L) —h3(Ox)+h*(Ox) = h°(L) — h°(Ox) +h?(Ox) = 0and g1 (X, L) = 1+ (1/2)(Kx +
2L)L2 =1+ L3 = 2. Therefore h®(Kx +2L) = h%(Kx + L) + g2(X, L) — k' (Ox) + g1 (X, L) = 3.
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