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Abstract

Let X be a smooth projective variety of dimension n, let £ be an ample vector bundle of
rank r on X with 1 <r <n. Then we are going to introduce some invariants of (X, £) which
are considered to be a generalization of invariants of polarized manifolds we introduced before.
Moreover we will study some properties of these and some relationships between these.

1 Introduction

Let X be a projective variety of dimension n defined over the field of complex numbers, and let
L be an ample line bundle on X. Then the pair (X, L) is called a polarized variety. Moreover if X
is smooth, then (X, L) is called a polarized manifold.

When we study polarized varieties, it is useful to use their invariants. The sectional genus
g(X,L) of (X,L) is one of the well-known invariants of (X, L). In [3] (resp. [5]) we defined the
notion of the ith sectional geometric genus g;(X, L) (resp. the ith sectional H-arithmetic genus
xH(X, L)) of (X,L) for every integer i with 0 < i < n. Here we explain the meaning of these
invariants if X is smooth, L is base point free and ¢ is an integer with 1 < ¢ < n — 1. Let
Hy,...,H,_; be general members of |L|. We put X,,_, := HiN...N H,_;. Then X,,_; is smooth
with dim X,,_; = 4, and we can show that g;(X, L) = h'(Ox, _,) and x7(X,L) = x(Ox,_,). (Here
we call x(Oy) the H-arithmetic genus of a projective variety Y (see also [5, Definition 1.5]).)

These induce the notion of the ith sectional invariant of (X, L) associated with an invariant.

Definition 1.1 Let (X, L) be a polarized manifold of dimension n. Let I(Y") (or ) be an invariant
of a smooth projective variety Y of dimension ¢, where 7 is an integer with 0 < ¢ < n. Then an
invariant F;(X, L) of (X, L) is called the ith sectional invariant of (X,L) associated with the
invariant I if F;(X,L) = I(X,—;) under the assumption that Bs|L| = 0.

The ith sectional geometric genus (resp. the ith sectional H-arithmetic genus) is the ith sec-
tional invariant of (X, L) associated with the geometric genus (resp. the H-arithmetic genus).
By the definition of the i¢th sectional invariants, the ith sectional invariants are expected to re-
flect properties of i-dimensional geometry. So we can expect that we are able to find interesting
properties of (X, L) by using its ith sectional invariants.

In [6], we defined other ith sectional invariants, that is, the ith sectional Euler number e;(X, L),
the ith sectional Betti number b;(X, L), and the ith sectional Hodge number hl'™7 (X, L) of type
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(j,i — j) of (X,L) (see Definition 2.2.1 below) and we studied some properties of these. The
meaning of these invariants is the following. Assume that X is smooth, L is base point free and 4
is an integer with 1 < i <n — 1. Let Hy,...,H,_; be general members of |L|. We put X,,_; :=
HyN...NnH,_;. Then X,,_; is smooth with dim X,,_; = i, and we see that e;(X, L) = e(X,_;),
bi(X,L) = h'(X,—i,C) and b2/ (X, L) = W"73(X,,—;).

The main purpose of this paper is to define a vector bundle version of these invariants as a
generalization, and to give a frame of investigation of generalized polarized manifolds by using
sectional invariants defined in this paper. In future, we will give detailed investigations such as
classification of (multi-)generalized polarized manifolds by their sectional invariants.

Let X be a smooth projective variety with dim X = n and let £ be an ample vector bundle
on X with rank & = r. We assume that » < n. In Section 3, we will define the ¢,-sectional
H-arithmetic genus xfir (X, &), the c,-sectional geometric genus gy r(X,E), the c.-sectional Euler
number ey, (X, &), the c,-sectional Betti number b, .(X,E) and the c¢,-sectional Hodge number
WX, E) of type (j,n —r — j) of (X, E).

Moreover in Section 4 we will study fundamental properties of these, which will be useful for
investigations by these invariants. In Section 5, as a special case, we consider the case where £ is a
direct sum of ample line bundles. In 5.1, we will define the ¢,-sectional invariants of multi-polarized
manifolds (see Definition 5.1.1). In 5.2, we will show that some invariants defined before are special
cases of these invariants (see Propositions 5.2.1 and 5.2.2). In 5.3, we will study some properties
of the sectional Euler numbers, the sectional Betti numbers and the sectional Hodge numbers of
multi-polarized manifolds. In Section 6, we will propose some problems and conjectures.

Finally we note that in a forthcoming paper [10], we will make a study of (multi-)polarized
manifolds by using invariants which will be defined in this paper.

2 Preliminaries

In this section, let X be a smooth projective variety of dimension n unless otherwise mensioned.

2.1 Some notation

In 2.1, we will give some notation which will be used later.

Definition 2.1.1 Let F be a vector bundle on X. Then for every integer j with 7 > 0, the
jth Segre class s;(F) of F is defined by the following equation: c¢;(F")s;(F) = 1, where F¥ :=
Homo (F,0x), ¢(F) is the Chern polynomial of 7V and s4(F) = -, s;(F).

Remark 2.1.1 (a) Let F be a vector bundle on X. Let §;(F) be the jth Segre class which is
defined in [12, Chapter 3]. Then s;(F) = §;(F").

(b) For every integer ¢ with 1 < 4, s;(F) can be written by using the Chern classes ¢;(F) with
1 < j <. (For example, s1(F) = ¢1(F), s2(F) = ¢1(F)? — c2(F), and so on.)

Definition 2.1.2 Let £ (resp. L) be an ample vector bundle (resp. an ample line bundle) on
X. Then the pair (X, &) (resp. (X, L)) is called a generalized polarized manifold (resp. polarized
manifold).

Definition 2.1.3 Let (X, £) be an n-dimensional generalized polarized manifold with rank £ = r.
We assume that r < n. For every integer p with 0 < p <n —r we set

Cy(X,€) = ch(X)sp_k(EV).
k=0



Remark 2.1.2 Let (X, &) be a generalized polarized manifold of dimension n. Let r be the rank
of & with r < n — 1. Assume that there exists a section of H°(E) whose zero locus Z is smooth
and dim Z = n — r. Then there is an exact sequence 0 — Ty — 7Tx|z — &|z — 0 and we have
ct(Tx|z) = et(Tz)e(Elz), where Tx (resp. 7z) is the tangent bundle of X (resp. Z). Hence we
have ¢;(Z) = ¢i(Tx)z)ce(Elz) ™t = ci((Tx ) z)8:(EV|z). Therefore we get

ci(2) = ¢j(X)sioy(€Y)|z = ZCJ )si—i(€7)er(€) = CI (X, E)er (),

=0

In particular, we have Kz = (Kx + ¢1(€))e-(E).

2.2 Sectional invariants of polarized manifolds

In 2.2, we will review the sectional invariants of polarized manifolds.

Notation 2.2.1 (1) Let (X, L) be a polarized manifold of dimension n. Then the Euler-Poincaré
characteristic x(L®?) of L% is a polynomial in ¢ of degree n (see [13, chapter I, §1]), and we

put
22 =S e (f ).
e =Yueen( )

(2) Let Y be a smooth projective variety of dimension i > 1, let 7y be the tangent bundle of Y
and let Qy be the dual bundle of 7y . For every integer j with 0 < j <4, we put

hij(er(Y), - a(Y)) = x(9) = /Ych(Q{v)Td(Ty)'

(Here ch(Q{,) (resp. Td(7y)) denotes the Chern character of Q{K (resp. the Todd class of
Ty ). See [12, example 3.2.3 and example 3.2.4].)

(3) Let X be a smooth projective variety of dimension n. For every integers ¢ and j with
0<j5 <4< n, weput

i—j—1
sred e
(i )= | 2 CUWO) i
0 if j =14,

j—1

. —1)"ERYQST) i £ 0
Hy(X:i,j) == t:()( ) ( X ) ifj#0,
0 if j = 0.

Definition 2.2.1 ([3], [5] and [6]) Let (X, L) be a polarized manifold of dimension n, and let 4
and j be integers with 0 < j <i < n. (Here we use Notation 2.2.1.)

(i) The ith sectional H-arithmetic genus x (X, L) of (X, L) is defined as follows:
X (X, L) = xn-i( X, L).

(ii) The ith sectional geometric genus g;(X, L) of (X, L) is defined as follows:

—1

9i(X, L) == (=1)' (xn—i(X, L) = x(Ox)) + }_(=1)"""/h"(Ox).

S

<.
Il
=)



(iii) The ith sectional Euler number e;(X, L) of (X, L) is defined by the following:

ei(X, L) :=CM (X, L)L

(iv) The ith sectional Betti number b;(X, L) of (X, L) is defined by the following;:

eo(X, L) ifi=0,
i—1
WL = Gy e D) - Y 2-1R(X,0) | if1<i<n,
=0

(v) The ith sectional Hodge number hg’ifj(X, L) of type (j,i — j) of (X, L) is defined by the
following:

W (X, L) = (—1)17 {wg(X, L)— Hi(X;i,5) — H2(X;i7j)},

where . ) ,
: hi i (CY(X,L),- -, C™Y (X, L)L, ifi>0
J R 1,7 1 9 9 I 9 9 9
wi(X, L) = { L, if i = 0.

Remark 2.2.1 Let (X, L) be a polarized manifold of dimension n and let ¢ be an integer with
1 <4 <n-—1. Assume that there exists a sequence of smooth projective varieties X = Xo D X; D
-+ D X,_; such that dim X, =n — k and X}, € |L|x,_,| for 1 <k <n —4. Then

Xi'(X,L) =x(Ox,_,), ¢(X,L)=h(0x,_,) =h(Q,_,)

ei(X,L)=e(X,_i)," bi(X,L) =h"(X,_;C)
hg’i_j (X, L) = hi_j(QJ)'(nii) for every integer j with 0 < j <.

3 Sectional invariants of generalized polarized manifolds

In this section, we will define sectional invariants of generalized polarized manifolds, which are
thought to be a generalization of sectional invariants of polarized manifolds stated in 2.2. In this
section we assume the following unless otherwise mentioned.

Setting 3.1 Let (X, &) be an n-dimensional generalized polarized manifold with rank £ = r < n.

The following fact will be used later.

Fact 3.1 There exists a very ample line bundle A on X such that £ ® A® is ample and spanned
by any positive integer t. We set E(t) :== £ @ A®'. Furthermore there exists a general section of
HOY(E(t)) whose zero locus Z(t) is smooth with dim Z(t) =n — .

3.1 c,-sectional H-arithmetic genera and c,-sectional Euler numbers

In 3.1, we will define the c¢,-sectional H-arithmetic genus (resp. the c,-sectional Euler number)
which is a generalization of the sectional H-arithmetic genus (resp. the sectional Euler number)
of polarized manifolds.

Ye(X,—i) denotes the Euler number of X,,_;



Definition 3.1.1 The ¢, -sectional H-arithmetic genus XﬁT(X, £) and the ¢,.-sectional Euler num-
ber e, (X, E) of (X,E) are defined by the following?:

Xﬁ{r(Xv 5) = tdn—T (O?yr(Xv E)a ) Csfr(Xa 5)) CT(S)'

enr (X, &) = O (X, E)e(E).

Remark 3.1.1 If r = n, then we sce that x/,.(X,&) = ¢,(€) and e, (X, E) = cn(€).

The following shows the geometric meaning of these invariants.

Proposition 3.1.1 Assume that r < n — 1 and there exists a smooth projective variety Z such
that diim Z = n —r and Z is the zero locus of an element of H°(E). Then

X'rl;{r(X7 5) = X(OZ)7 en,r(Xa 5) = C(Z)

Proof. First we consider Xf,r(X, €). Then by Remark 2.1.2 we have

’ n—r
= tdn—r (Cl(Z)7"'7cn—r(Z))
= x(Oz).

Next we consider e, ,(X,&). By Remark 2.1.2 we see that

en (X, &) =Cy" (X, E)er(E) = cnyp(Z) = e(2).

XX E) = tduey (CTT(X,E),-+, O (X, E)) er(€)

Hence we get the assertion. O
Proposition 3.1.2 X/ (X,€) and e, ,.(X,€) are integers.

Proof. By definition we see that e, (X, ) is an integer. Thus we will show that X,Iir(X,é')
is an integer. If n = r, then by Remark 3.1.1 we get the assertion. So we assume that r <n — 1.
Here we use Fact 3.1 and notation in Fact 3.1. Then by [12, Example 3.2.2], we see that for every
integer k with 1 <k <n-—r

k—1 .
w(E)) = cn(€) + Z (]: - ;)cj ()1 (A)F—Tth=.

Therefore by Definition 3.1.1, we have x/,.(X,E(t)) — x1 (X, &) € Q[t]. We put

F(#) = x (X, (1) = X (X, E).

Then there exists a positive integer ¢; such that f(¢;) is an integer. By Fact 3.1 and Proposition
3.1.1 we infer that x* (X, &(t1)) is an integer. Hence x£,.(X,€) is an integer. O

3.2 c,-sectional geometric genera and c,-sectional Betti numbers

Definition 3.2.1 The c,-sectional geometric genus g, »(X,E) and the c.-sectional Betti number
bn (X, E) of (X,E) are defined by the following:

gnr(X,E) = ()" (X, E) + (1) I (Ox) + Y (-1 R R (0x).
k=0
(1" (ens(X,6) - i 2-1PW(X,Q)), it <n,

b (X, €)= ]
enn(X,E), if r =n.

2Here td,,—, means the Todd polynomial of weight n — r (see [2, Definition 1.4 (1)]).



Remark 3.2.1 (i) If » = n, then we see that g, .(X,&) = ¢, () and b, (X, E) = ¢, (E).
(ii) The invariant g, (X, £) in Definition 3.2.1 is equal to the invariant g, (X, ) in [2, Definition
2.1].

By definition and Proposition 3.1.2, we get the following.
Proposition 3.2.1 g, ,(X,&) and b, (X, &) are integers.

Moreover we see that g, (X, &) and b, (X, ) have the following property.

Proposition 3.2.2 Assume that r < n — 1 and there exists a smooth projective variety Z such
that dim Z = n —r and Z is the zero locus of an element of H(E). Then

gn,r(X, 5) = hn*"’(oz)y bn,T(Xa 5) = hnir(zv C)

Proof. First we consider the c,-sectional geometric genus. Then by [14, 1.3 Theorem], [15,
Theorem 1.1 (1.1.3) and (1.1.4)] and Proposition 3.1.1 we have

n—r—1
gn,'r‘(Xag) = (_1)n_7-XnH,T(X75)_(_1)’”_7- Z (_1)jhj(OX)
7=0
n—r—1
= (“D)"X(02) = ()" Y (-1 (02)
j=0

= WT(Oy).

Next we consider the c,-sectional Betti number. By Proposition 3.1.1 we get e, (X, &) = e(Z).
By [14, 1.3 Theorem], we obtain h7(X,C) = h?(Z,C) for every integer j with j <n —r — 1. Here
we note that h?(Z,C) = h*(»=")=3(Z,C) by the Poincaré duality. Hence

n—r—1
bnr(X,8) = (D)7 | ean(X,6) =2 Y (-1)/W(X,C)
=0
n—r—1 o
= ()" [e(2)-2 ) (-1)W(Z,0)
=0
= hW"(Z,C).
Hence the assertion is obtained. O

Remark 3.2.2 If r = n —1, then g, ,—1(X, &) is the curve genus of (X, ) (see e.g. [1] and [16]).

3.3 c,-sectional Hodge numbers

Definition 3.3.1 The c,-sectional Hodge number hi;i="~1(X, ) of type (j,n—r—j) of (X,€) is
defined by the following?:

hZL’;‘fT*j(X,S) = (—1)”*’”73' {wfbm(X, E)—H(X;n—r,j)— Hy(X;n — r,j)} .

Here we set

- A hp(CTT(XE), -, CYT (XL E))en(E), if r <m,
wfw(X,é') = { en (), ifr=n.

for every integer j with 0 < j <n —r.

3See Notation 2.2.1 (2).



Remark 3.3.1 If r = n, then we see that 709 (X, &) = ¢, (€).

Proposition 3.3.1 Assume that r < n — 1 and there exists a smooth projective variety Z such
that diim Z = n —r and Z is the zero locus of an element of HY(E). Then

hIm=r=i(X, ) = W TTI(Z)

for every integer j with 0 < j <n—r.
Proof. First we note that Hy(X;n —r,j) = Hi(Z;n —r,j) and Hy(X;n —r,j) = Hy(Z;n —

r,j) by [14, 1.3 Theorem], [15, Theorem 1.1 (1.1.3) and (1.1.4)] since 0 < j < n —r. We also
note that w}, . (X,€) = hn_p;(C1""(X,E), -, Cp" (X, E))er(E) = hprj(c1(Z),- - cnr(Z)) =

X(QJZ) Hence by definition we get

WX E) = ()T ], (X E) - Hi(Xsn = 1) — Ho(X3m — 1, ) }
= ()X~ H(Zin = 1)~ Ba(Zin = 1)}
= WnTTI(Z).
Therefore we get the assertion. O

Proposition 3.3.2 h{;f}.‘r_j(X, &) is an integer for every integer j with 0 < j <n —r.

Proof. 1If r = n, then by Remark 3.3.1, we get the assertion. So we assume that r < n — 1.
Here we use Fact 3.1 and notation in Fact 3.1. Here we note that by [12, Example 3.1.1] we have

sy(e) = (T2

> sk(EV)er (A)j*ktj*k
k=0

(see also Remark 2.1.1 (a)), the following equality holds.

w), (X, E(1))

= > Gty 1) e (X751 (EY)70 sy (EY) 70

k=1 (Il sy, s ) EA(K)
x (LA} e (€) + wl (X, E),

where ql17"'7ln—7‘7m17'”7m —r € Q and

n

A(k> = {(llv" '7ln7r;m17"'7mn7r) € Z§3n727’ Zulu + vau =n-r—- k} .

u=1 v=1

Then there exists a positive integer s such that
8l by € L

for every (Iy,--,lp—r,m1, -+, mn_,). Therefore wj ,.(X,E(s)) —w} .(X,€) is an integer. Since
&(s) is generated by its global sections, by Fact 3.1 and Proposition 3.3.1 we see that w, (X, £(s))
is also an integer. Therefore w} ,(X,€) € Z and we get the assertion by the definition of
hnmrI (X E). O



4 Fundamental properties of these invariants

In this section, we will study fundamental properties of invariants defined above. In particular,
we will consider some relations among them. First of all, we can prove the following theorem in
general.

Theorem 4.1 Let (X,E) be a generalized polarized manifold of dimension n with rank € = r.
Assume that r < n — 1. For every integer j with 0 < j < n —r, we get the following.

(i) n,'r(Xag‘) = Z ghlszL " k(X £).

(ii) AT I(X,E) = hy T WX, E).

(iii) h” (X E) = hO" T(X E) =gn,(X,E).

(iv) Ifn—r is odd, then bn (X, E) is even.

Proof. We use Fact 3.1 and notation in Fact 3.1. Then by Propositions 3.1.1, 3.2.2 and 3.3.1
we have by, (X, E(t)) = h"~"(Z(t),C), hin= (X, E(t)) = MW" "7I(Z(t)), and g, (X, E(t)) =
hn—r(@z(t)).

By the Hodge theory, we get

W) = W)
hrTrO(Z(E) = ROMTT(Z(E) = hY T (Og)

hT(Z(t),C) = z_:hj’"*“j(z(t)).

Hence for any positive integer ¢, we see that

METXLEW) = (X E) )
HETOXEW) = AT (X)) = g (X.E() 0
bur(X.E(1) = th" TX.EW). (3

Since by, (X, E(t)), M1 (X, E(t)), i 777 (X, E(t)) and gy, (X, E(t)) are polynomials in ¢,
we see that (1), (2) and (3) are true for any integer ¢. In particular, by putting ¢t = 0, we get the
assertion (i), (ii) and (iii). Furthermore by (i) and (ii), we can prove that b, ,(X,&) iseven if n—r
is odd. Hence we get the assertion. O

Remark 4.1 (1) In Theorem 4.1, we only assume that £ is ample (not necessarily generated by
its global sections).

(2) Let Y be a smooth projective variety of dimension n — r. Then
(2.1) (i) in Theorem 4.1 corresponds to h"~"(Y,C) = Z;:g hIm=r=I(Y).

(2.2) (ii) in Theorem 4.1 corresponds to h?"~"=3(Y) = h"~"=4J(Y) for every integer j with
0<j<n—r.

(2.3) (iii) in Theorem 4.1 corresponds to A" ~"°(Y) = h%"="(Y) = h"~"(Oy).
(2.4) (iv) in Theorem 4.1 corresponds to the following fact: If n — r is odd, then A"~ " (Y, C)

(3) If n —r =1, then by (i) and (iii) in Theorem 4.1

bn,r(X7 6) = hk,?’(Xa 5) + h’(T)L’,lT‘(X7 5) = QQn,r(Xv 5)



Next we prove some inequalities under a special assumption.

Proposition 4.1 Let (X, &) be a generalized polarized manifold of dimensionn with1 <r <n-—1,
where v = rank £. Assume that there exist a smooth projective variety Z of dimension n — r such
that Z is the zero locus of an element of H°(E). Then for every integer j with 1 < j < mn —r the
following hold.

(1) B (X,€) > 20,(X, ).

(ii) by (X, &) > A" "(X,C).
(iti) A" (X,E) > W (X).
(iv) Ifn—r =2k, then h%(X,£) > 1.

Proof. (i) By Propositions 3.2.2, 3.3.1 and Theorem 4.1 (i), we obtain

bnr(X,E) = th” k(X €) = thn r—k(

> jon- "(Z)+h0(Z ):2h” "(0z) = 290 (X, €).

ii) By Proposition 3.2.2 and [14, 1.3 Theorem|, we obtain b, ,.(X,&) = A"~ "(Z,C) > h"~"(X,C).
(iii) For every integer j with 0 < j < i, by Proposition 3.3.1 and [14, 1.3 Theorem|, we get
WX, E) = W TTTI(Z) > b (X)),

(1 By Proposition 3.3.1, we have A% (X, &) = h**(Z) > 1 and we get the assertion. O

5 Sectional invariants of multi-polarized manifolds

In this section, we consider the case where an ample vector bundle £ is a direct sum of ample line
bundles. First we define the following notion.

Definition 5.1 Let Li,...,L,, (resp. &i,...,&y,) be ample line bundles (resp. ample vector
bundles with rank & = r;) on X. Then (X,Ly,...,Ly,) (resp. (X,&1,...,ER)) is called a
multi-polarized manifold of type m (resp. multi-generalized polarized manifold of type m with
rank (r1,...,7m)).

5.1 Definition

Here we will define sectional invariants of multi-polarized manifolds.

Definition 5.1.1 Let (X, Ly,..., L,—;) be a generalized polarized manifold of dimension n, where
7 is an integer with 0 < ¢ < n — 1. Then we define the ith sectional H-arithmetic genus
XH(X,Ly,...,L,_;), the ith sectional Euler number e;(X,Ly,...,L,_;), the ith sectional geo-
metric genus g;(X, L1, ..., Ly—;), the ith sectional Betti number by(X, L1,...,L,—;) and for every
integer j with 0 < j < i, the ith sectional Hodge number hl" 7 (X, Ly,...,Ln_;) of type (4,i — j)
are defined as follows.

X (X, Ly, L) = XM, (X Li@- @ Ln ),
gZ(Xa Ly, ,Ln,Z) = gn’nii(X’ Li®--- 1)7
e(X,Ly,...,Lp—;) = enﬁnﬂ.(X’Ll@,,. i)y
bi(X,Ly,...,Lp_;) = '(X7L1€9"'69Ln D,

hg’iij(X»Lly yLp—i) = i/njz(X,Lle;...@Ln ).



First we prove the following lemma.

Lemma 5.1.1 Let (X,&,...,Ey) be a multi-generalized polarized manifold of type m with rank
(r1,...,7m) and let ¥ = Y 0" r;. Assume that v < n — 1 and there exists a sequence of smooth
projective varieties Zg O Z1 D -+ D Ly, such that dim Z; = n — Zi:l Ty and Z; is the zero locus
of an element of Ho(é'j\zjfl) for every integer j with 1 < 7 < m, where Zy := X. Then

Xﬁ{r(ngl@"'@gm) = Xﬁlfrl,rfrl(zlvgﬂzl@"'@5m‘z1)
XTFLI—T—&-rm,rm (Zm—hgm Z7n—1)
= x(0z,),
en,r(XygIEB"'@gm) = enle,’r‘le(ZlagQ'Zl €B@5m|zl)

= en—r+4rpm,rm (melagm‘Zm,l)
= e(Zn),
gn,r(Xa ED-- D gm) = Y9n—ri,r—r1 (Z1782|Zl D---D 5m‘Z1)

gn—T+T7n7T'r7L (Zm—17 gm|Z'm71)
hn_r(OZm)7
bn,r(X,&@@gm) = bn7r17T,T1(Zl,52|Z1@u.@gm‘Zl)

= bn—r—&-rm,rm (Zm—la 5m|Zm71)
- hn_T(Zma(C))

hzl’;lﬂ_L_j(X, £10--® gm) _ hj,(nfm)*(?”fm)*j(zhgzlzl D--P gm|Z1)

n—riy,r—ri

j,(n—T-i-?"m)—Tm -J
hn—r+rm,,rm, (Zm—17gm|Zm—1)

= RW"TTTI(Z).

Proof. First we prove the following lemma.

Claim 5.1.1 Let X be a smooth projective variety of dimension n and let F and G be ample vector
bundles on X with rank F = r and rank G = s. Assume that there exists a smooth projective variety
Z of dimension n —r such that Z is the zero locus of an element of HY(F). Then for every integer
Jwith0<j<n—r—s

CH X, F D G)erys(FOG) = CI(Z,Gz)es(Gz).

Proof. This can be proved by the following equality.

CI (X, F o G)erys(FOG) = {Z ok (X)sj-1((F @ g)v)} er(F)es(9)

k=0

-
{ (Z Chy (X) Sk (fv)> (Sj—kz(gv))} cr(Fes(9)
k2=0

k1=0

10



= Y el 2)(5j-1.(92))es(G2) = C] 7" (2,G2)es(92)-
ko=0

O

By Definitons 3.1.1, 3.2.1, 3.3.1, Claim 5.1.1, Propositions 3.1.1, 3.2.2 and 3.3.1, we get the assertion
of Lemma 5.1.1. O

By Definition 5.1.1 and Lemma 5.1.1, we can prove the following.

Proposition 5.1.1 Let i be an integer with 1 < i < n —1 and let (X,L1,...,L,—;) be an n-
dimensional multi-polarized manifold of type n —i. Assume that there exists a sequence of smooth
subvarieties X D X1 D --- D Xy, such that X; € |Lj|x,_,| for every integer j with 1 < j < n—i.
Here we set Xy := X. Then for every integer k with 0 < k <n —i—1 we have

Xit (Xis Ll x> Inilxy) = x4 (Xkats Dol Xiprs - Dnil xi40)s
9i( Xk, Liy1lxyr - s Ln—ilx,) = 9i(Xks1, LiralXpins - In—ilx00),
ei( Xk Lig1|xys - Lnilx,) = €i(Xny1, Liga|xirs s Ln—ilxpy )
bi( Xk, Lievilxyy o Ln—ilx,) = 0i(Xps1, Litalxi s Ln—ilxips )5
W (X Lt | Xr -+ o> Lnilx) = B 77 (X1, Lol xesns -+ o5 Lnil Xpsn )-
In particular, we have
X{{(XaLla“';Lan) = x(0x,_,),
gi(X,Ly,...,L,_y) = hi(Ox,_.),
e(X,Ly,...,Lp—;) = e(Xn_),
Hsz(X,Ll,...,Ln_l) = W (X, ,0C),
R N(X, Ly ooy L) R (X, ).

5.2 Relation between c,-sectional invariants and invariants defined be-
fore

The following proposition shows that the sectional invariants of polarized manifolds in 2.2 are
special cases of invariants defined in Definition 5.1.1.

Proposition 5.2.1 Let i be an integer with 0 < i < n —1 and let (X, L1,...,L,—;) be a multi-
polarized manifold of type n — i. Assume that a line bundle L is ample and Ly = L for every
integer k with 1 <k <n —1i. Then we have

Xf(XPLl?"WLn*i) = XfI(XvL)7 gi(Xlew"an*i):gi(XvL)a
ei(X,Ll,...,Ln_i) = ei(X,L), bZ(X,Lh,Ln_l):bZ(X,L)
hz’i_j (X, L1,...., L) = hf’i_j(X, L) for every integer j with 0 < j <.

Here x¥ (X, L), g:(X,L), e;(X, L), b;(X, L), k"7 (X, L) are sectional invariants defined in Defi-
nition 2.2.1.

Proof. We will prove the first equality. Other equalities can be also proved by the same

argument as the following. Let H be an ample line bundle on X such that L(t) := L @ H®® is
ample and spanned for any positive integer t. Then there exists a sequence of smooth projective

11



varieties X D X; D -+ D X,,_; such that X, € |L(t)|x,_,| for every integer k with 1 < k < n — .
Then by Proposition 5.1.1 and [5, Remark 2.1 (4)] we have

Xit (X, L(t), ..., L(t)) = x(Ox,_,) = xi (X, L(1)).
———
Since xH (X, L(t),...,L(t)) and x? (X, L(t)) are polynomials in ¢, by the same argument as in the
proof of Theorem 4.1, we have
XX Ly, L) = x{(X, L(0), ., L(0)) = xiT (X, L(0)) = X" (X, L).
Therefore we get the assertion. O
Remark 5.2.1 Under the assumption that X is smooth, we see that x(X, Ly,..., L,_;) (resp.
9i(X,Lq,...,L,—;)) in Definition 5.1.1 is equal to
XZI_I(X7L13 cee 7Ln7i; OX) (resp' gi(X7Lla e >Ln7i; OX))

in [7, Definition 2.1]. We also note that x(X, Ly, ..., L, ;) (vesp. ¢:(X, L1,..., L,_;)) is defined

for any smooth projective variety X, but in [7, Definition 2.1], x¥ (X, L1,...,Ln_;; Ox) (resp.
9i(X,Ly1,...,Lyp_;; Ox)) was defined for any projective varieties.

We also note the following.

Proposition 5.2.2 Let X be a smooth projective variety of dimension n.

(1) Let £ be an ample vector bundle of rank e on X with e <n. Let & =& and let E; = -+ =
gn—e—i+1 = 01(5) ZfZ S n—e—1. Then gn,n—i(Xa 51 D---D 5n—e—i+1) 8 equal to gZ(X, 5)
which is the ith c,.-sectional geometric genus of multi-polarized manifold (X, &) defined in [2,
Definition 2.1].

(2) Let £ be an ample vector bundle of rank e on X with e <n — 1 and let H be an ample line
bundle on X. Let & =€ and let & = - =&, = H ife <n—2. Then gpn_1(X,& &
D En—e) is equal to the invariant g(X,E, H) which was defined by Fusi and Lanteri in [11].

Proof. We are going to prove the assertion (1). We use Fact 3.1.* Then by Lemma 5.1.1 and
Definition 5.1.1, we see that for every positive integer ¢

Inn—i(X,E@) D) @ @ci(E®)) = Gnem—ei(Z(t),c1(EH)zt) B+ @ c1(E1)) 2())
n—e—1 n—e—1

= gi(Z(t),c1(EWD))z(tys > c1(E)) z(ry)-

n—e—1

By Proposition 5.2.1 and [2, Theorem 2.2], we have
9i(Z(t), 1 (EM) zty, -+ (€M) zry) = 9i(Z(2), c1(E(1)) z(r)) = 9:(X, E(2)).

n—e—1

Hence we get
gnn—i(X,E() @ cr(E(H) ©--- D er(E(1))) = gi(X, E(F))
for every positive integer ¢t. By the same argument as in the proof of Theorem 4.1, we see that

9i(X,8) = gnn—i(X,ED 1(E) D+~ @ 1 (E)).

So we get the assertion of (1). We can also prove (2) by the same argument as the proof of (1). O

4Here let e = rank &.
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5.3 Some properties of the sectional Euler numbers, the sectional Betti
numbers and the sectional Hodge numbers of multi-polarized man-
ifolds

In [7] and [9], we studied the sectinal H-arithmetic genus and the sectional geometric genus of
multi-polarized manifolds (see also Remark 5.2.1). So here, we will study some properties of the
sectional Euler numbers, the sectional Betti numbers and the sectional Hodge numbers of multi-
polarized manifolds. First we will show Theorem 5.3.1 which is a generalization of [6, Theorem
4.4]. Before this, we need the following.

Definition 5.3.1 Let k£ be a positive integer.

(1) Let (X, Ly,---,Lg) and (Y, Ay, - - -, Ax) be n-dimensional multi-polarized manifolds of type k.
Then (X, Ly, - -+, Ly) is called a simple blowing up of a multi-polarized manifold (Y, Ay, - -, Ag)
of type k if there exists a blowing up 7 : X — Y at a point y € Y such that L; = 7*(4;) - FE
and E|g = Opn-1(—1) for every integer j with 1 < j < k, where F = P"~1 is the exceptional
effective divisor.

(2) A multi-polarized manifold ()?, Ly, ,EC) of type k is called a reduction of (X, Ly,---, L)
if there exists a birational morphism

T(:(X7L17"'7Lk7)_)(*)}71:-1/7"',1/‘;)

such that 7 is a composite of simple blowing ups and ()? , EI, e E;) is not a simple blowing
up of another multi-polarized manifold of type k. This 7 is called the reduction map.

Remark 5.3.1 Let (X, Lq,..., L) be a multi-polarized manifold of type k, where k is an integer
with 1 <k <n-—1.

(i) If (X, Ly,...,Lg) is not a simple blowing up of another multi-polarized manifold of type k,
then we regard (X, L1,..., L) as a reduction of itself. Then there always exists a reduction of
(X,Li,...,Ly).

(ii) Let (X, Ly, ..., Li) be a simple blowing up of (Y, Hy, ..., H). Let  be its birational morphism
and let E be its exceptional divisor. Assume that there exists a smooth projective variety X7 € |Lq|.
Then Y7 := w(X;) is also a smooth projective variety of dimension n — 1 and Y7 € |Hi|. By
the same argument as in [8, Proposition 2.1] we see that (E1, —Fi|g,) & (P""2 Opn-2(1)) and
(Lj)x, = (7mx,)*(Hjly;) — E1 for every integer j with 2 < j < k, where E; := EN X;. Hence
(X1, La|x,,---,Lglx,) is a simple blowing up of (Y1, Ha|y,, ..., Hxly,) and 7|x, : X1 — Y7 is its
birational morphism. By repeating this process, we see that if there exists a smooth projective
variety X;11 € |Li41]|x,| of dimension n — 1 — 1 for every integer [ with 1 <1 < k—2, then Y4 :=
(| x,)(X141) is also a smooth projective variety of dimension n —1 — 1 and Yj41 € |Hj41ly,|, and
we infer that (Xj41, Lit2|x,,,- -, Li|x,,,) is a simple blowing up of (Y41, Hiyolyi,y,-- - Hilvii,)
and 7|x,,, : Xiy1 — Yj41 is its birational morphism.

Proposition 5.3.1 Let (X, Ly, -+, L,—;) be a multi-polarized manifold of type n—i with dim X =
n, let (Y,Hy, -+, H,—;) be a reduction of (X, L1, -, Lp—;) and let 1 : X — Y be its reduction
map. Let v be the number of points blown up under the reduction map. Let i and j be integers
with 0 < j <t and0<i<n—1. Then

(a)
ei(X, L1, -+, Lpn_) =€ (Y,Hy, -+, Hyi) + (i —1)7.

(b)
bi(Y,Hy, -+, Hyy) if i is odd,
bi(X, Ly, Lp—y) =<4 b;(Y,Hy, -+, Hp—i)+7 ifiis even with i > 2,
bO(Y7H17"'7Hn—i)_'}/ Zf’L:O
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o WY Hy, o Hyy Z) if 1 <i and 2j # i,
WX Ly D) = 4 (Y Hy e He if1<iand2j =i,
ho* (Y, Hy, -+, Hy z)— ifi=0.
Proof. First we note that it suffices to consider the case where (X, Ly, -+, L,—_;) is a simple

blowing up of (Y, Hy,---,H,—;). Let m : X — Y be its morphism. Then L; = 7*(H;) — E holds
for every integer j with 1 < j < n — 4, where E is the exceptional divisor. Let H;(t) := Hj®t
and L;(t) :== n*(H;(t)) — E. By the same argument as in the proof of [8, Claim 2.1}, there exists
a positive integer p such that H,;(t) and L;(t) are ample and spanned for every integers j and ¢
with 1 < j <n—iandt>p By Remark 5.3.1 (ii), for every integer k with 1 <k <n—i—2
there exists a smooth projective variety Xg11(t) € |Lpy1(t)|x,(¢)| of dimension n — &k — 1 such
that Yy y1(t) := (7|x, 1)) (Xr41(t)) is also a smooth projective variety of dimension n — &k — 1 and
Yit1(t) € [Het1(t)|y, ()], and we see that (Xp11(t), Lit2(t)| x40 (t)s - - - s Ln—i(t)| x441 (1)) 18 @ simple
blowing up of (Ye41(t), Hit2(t)lvi 1 (t)s - - s Hni()lvipy (1) and 7lx, ) + Xiga () — Yiga(t) is
its birational morphism. Therefore by Proposition 5.1.1, [6, Theorem 3.2] and [8, Proposition 2.2],
we see that the following hold for every integer ¢ with ¢ > p.

ei(X, Li(t), -+, Ln—i(t)) = ei(Xn—i—1(t), Ln—i(t)|x,_,_.t))
= ei(Ynoic1(t), Hni(t)|y,_,_,@) + (i —1)
= ei(YvaHl(t)?"'an*i(t))+(i_]-)7

bi(X, La(t), s Ln—i(t)) = bi(Xp—im1(t)s Ln—i(t)|x,_._, (1)
bl(Y’l’Lfi 1(t),H (t)|Yn—i,—1(t)) if 7 is Odd,
= bi(Yo—io1(t), Hui(t)|y, _,_,)) +1 ifiis even with i > 2,
bo(Yo—i—1(t), Hn—i(O)ly, , 1)) —1 ifi=0,
bi(Y, Hy(t), -, Hp—i(t)) if 7 is odd,
= { bV H\(t), - Hyi(t) +1 if i is even with i > 2,
bO(Y7 Hl(t)a 7Hn—1(t)) -1 ifi= Oa
hg’iij(XaLl(t)f"»Ln—i(t)) = hg’iij(Xn i— l(t)an Z( )an—'i—l(t))
hjl J( 1(t), n— z( )|yﬂ i 1(t)) if1<iand 2]#2
= h“ j( —ie1(t), Hoei(®)|y,, _,_ l(t))Jrl if 1 <iand2j=71,
hOO( Yooio 1(t)a n— z( )|Yn i 1(t)) 1 le—O
hlt™ ](Y Hi(t), -+, Hp(1)) if 1 <4 and 2j # i,

D41 if1<iand?2j=1i

(t
= h“J(YHl(t), S Hpy 4i(t
)—1 ifi=0.

WOV (1), Ho ot

Here we note that e;(X, Li(t), -+, L,—i(t)), ei(Y, Hi(t), -, Ho—i(t)), b; (X Ly(t), -+, Ln—s(t)),
bZ(Y’v Hl(t)v T aHn—i(t))a hgﬂij (Xa Ll(t)v T aLn Z( )) and h] . J(Y Hl( ) Hn—l(t)) are pOIY'
nomials in ¢t. Hence we see that the above equalities hold for the case of t = 1, and we get the
assertion. 0

Next we consider a lower bound for the second sectional Euler numbers of multi-polarized
manifolds. First of all, we will give the formula for the sectional Euler number of multi-polarized
manifolds.
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Remark 5.3.2 We note that

s(Li@- - ®L)Y)=(-DF Y (L Lh), (4)
(p1,--pr)EH(K)

where we set

H(k)={ (p1,....pr) €255 | > pij=k

Hence, by Definition 5.1.1 and (4) we see that

%

ei(X,Ll,...,Ln_i):Z(—l)f—kck(x) Z Lo L2 | Ly Ly (5)
k=0 (P1,--Pn—i)EH (i—k)

Theorem 5.3.1 Let (X, Ly,...,L,_2) be a multi-polarized manifold of type n — 2 with dim X =
n > 3. Assume that k(X) > 0. Let (M, Ay,...,An_2) be a reduction of (X, L1,...,Ly,_2) and let
~ be the number of points blown up under the reduction map. Then the following hold.

(i)
GQ(X,Ll,...,Ln_Q)
2
n—2
22171 ng Ly Ly 2+ ZLQ Ly Ln2+((n—1)7£n—2)+1)7
2—("_1)71("_2>(7+1)+7
(ii)

b2(X7L1,.. -7Ln72) > 4q(X) +’y > .

Proof. Since k(X) > 0, we see that Kpr+ A1+ -+ A, is nef and (n—2)-big by [9, Theorem
5.2.1]. Hence by [4, Theorem 2.1] we have

2
n—2 n—2
ca(M)A; - An_2>——KM ZA Ay Ay ZAj Ay Ay (6)
Jj=1 j=1

(i) By Proposition 5.3.1, the equality (5) in Remark 5.3.2 and (6) above we have

62(X,L17...,Ln_2)
= 62(MaA17"'aAn—2) +

= (1> Fep(M) > APt AT Are Apa +y
k=0 (P1s-,Pn—2)EH(2—k)
1 = e\ S

> ~Ku ;A] A - n2+7 ZA Al-oAnngf ZA Ap--Ap o+
= 2 (n_2 ) n—2

Z% ;Lj Li---L, o+ —|—f ZL L1~-~Ln72+T7+’Y-
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we have )

n—2 n—2
1 1 n—1)(n—2
o ELJ Ll"'Ln—2+§ EL? Ll...Ln_ﬁM,
Jj=1 j=1

Hence we get the assertion of (i).

(ii) Next we will prove the inequality (ii). If » = 3, then this is true by the proof of [6, Theorem
4.4]. So we assume that n > 4. First we note that by Definition 5.1.1, Proposition 5.3.1, the
equality (5) in Remark 5.3.2 and (6) above we have

n—2
bQ(X,Ll,...,Ln_Q) = CQ(M)Al"'An_2+KM ZA] Al"'An_Q
j=1
+ D (A Ay Ay + 4q(M) = 2+ 7. (7)

i<j

(ii.a) Assume that KpAjA;---Ay,—o = 0 for some j. Then Kj; = 0 because £(X) > 0 and each
A; is ample. Hence ca(M)A; --- A,—2 > 0 by a Miyaoka’s result ([17, Theorem 6.6]). So by (7) we
get

bQ(XaLla-“ n—2 >ZAA e n 2+4(](M)72+"y

i<j
Since we assume that n > 4, we have Eigj(AiAj)Al -+ Ap_o > 3. Hence by(M, Ay,..., Ap_2) >

4q(M) + 1+~ > 4q(M) + .
(ii.b) Assume that Ky AjA;--- A,_o > 1 for every j. Then by (6) and (7) we have

n—2

n+1
bo(X, Ly, Ln2) —KM ZA Ar Ana + ZA2 Ar Anos

v

+— ZAA Ap_o+4q(M) =2+~
z<]
> 4g(M)+(n—4)+v>4q(M) +~

because n > 4, (Z;:f A?)Al v Ao >n—2and Ziq(Az’Aj)Al Ao > ("52) So we get

the assertion (ii) because ¢(M) = ¢(X). O

6 Problems and Conjectures

In this section, we will provide some conjectures and problems. First we propose the following.

Conjecture 6.1 Let X be a smooth projective variety of dimension n, £ an ample vector bundle
of rank r on X. Assume that r < n — 1. Then the following inequality hold.

g’ﬂ,T(XJ 5) 2 07 bn,’l"(X>g) Z O

The following problem is very interesting in view of classification theory.
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Problem 6.1 Classify n-dimensional generalized polarized manifold (X,E) with rank & < n by
the value of c,.-sectional invariants defined in Section 3.

More strongly, we can propose the following conjecture by considering Proposition 4.1.

Conjecture 6.2 Let X be a smooth projective variety of dimension n, £ an ample vector bundle
of rank r on X. Assume that r <n — 1. Then for every integer j with 0 < j < n —r the following
hold.

(i) by (X,E) > 2,0(X,E). (i) by (X, ) > " 7(X,C).
(ili) RS I(X,E) > W™ I(X).  (iv) If n—r = 2k, then hEF(X,€) > 1.

If £ is an ample vector bundle of rank r with 0 < ¢ = n — r, then c¢,.-sectional invariants of
(X, &) are thought to reflect some properties of i-dimensional manifolds from Propositions 3.1.1,
3.2.2 and 3.3.1. In particular we can propose the following problems for the case i = 2.

Problem 6.2 Let X be a smooth projective variety of dimension n, £ an ample vector bundle of
rank r on X. Assume that n—r = 2. Then generalize the theory of surfaces in view of c,.-sectional
invariants of (X,&).

For example, the following is an answer for this problem. We can regard the following theorem
as an analogue of Noether’s equality.

Theorem 6.1 Let (X,E) be a generalized polarized manifold of dimension n with rank € =n — 2.
Then
12x50,2(X, &) = (Kx + c1(€))?en—2(E) + enn—2(X, E).

Proof. We use Fact 3.1 and notation in Fact 3.1. Let
F(t) = (Kx +c1(E())) en—2(E(®)) + enn—2(X,E®)), G(t) = 12x7), o(X, E(2)).

Then F(t) and G(t) are polynomials in ¢t. For every positive integer p, by Remark 2.1.2 and
Proposition 3.1.1 we have F(p) = (Kx + c1(£(p)))*cn—2(E(D)) + enn—2(X,ED)) = (Kzp)* +
e(Z(p)). Since Z(p) is a smooth projective surface, by Noether’s equality we have (Kyz(,))? +
e(Z(p)) = 12x(Oz). So by Proposition 3.1.1, for every positive integer p, we have F(p) =
(Kzp)? + e(Z(p)) = 12x(Oz)) = 12xF,,_2(X,E(p)) = G(p). Hence we see that this equality
also holds for ¢t = 0 because F'(t) and G(t) are polynomials in ¢. Therefore we get the assertion. O

Moreover, we can propose the following conjectures specifically.

Conjecture 6.3 Let X be a smooth projective variety of dimension n, £ an ample vector bundle
of rank n — 2 on X.

(i) (Analogue of Castelnuovo’s theorem) If k(Kx + ¢1(€)) > 0 (resp. > 2), then

X o(X,€) >0 (resp. > 0).

(ii) (Analogue of Bogomolov-Miyaoka-Yau’s theorem) If k(Kx + c1(€)) > 2, then

Notm—2(X, ) = (Kx + c1(€))?cn—2(E).

(iii) (Analogue of Noether’s inequality) If Kx + ¢1(€) is nef and k(Kx + ¢1(€)) > 2, then

(Kx +c1(£))%cn_2(8) > 20n.n—2(X, &) — 4.
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